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Zusammenfassung
Die vorliegende Arbeit bescha¨ftigt sich mit der Physik der starken Wechselwirkung.
Quantenchromodynamik (QCD), die allgemein anerkannte Theorie der starken Wechsel-
wirkung, ist eine asymptotisch freie Theorie und kann nur bei hohen Energien sto¨rungs-
theoretisch behandelt werden. Es existieren mehrere Ansa¨tze zur Beschreibung der in
der Natur beobachteten Hadronen bei niedrigen Energien. Drei dieser Ansa¨tze – effek-
tive Feldtheorie der QCD, QCD im Grenzwert unendlicher Anzahl der Farben und die
Gittereichtheorie der QCD – sind Gegenstand dieser Arbeit.
Im Rahmen einer effektiven Feldtheorie, die im Kontext der starken Wechselwirkung auch
als Chirale Sto¨rungstheorie bezeichnet wird, wird eine sto¨rungstheoretische Behandlung
der Eigenschaften von Hadronen ermo¨glicht. Die Entwicklung in der Kopplungskonstante
der QCD wird dabei durch eine Entwicklung in kleinen Impulsen der Hadronen und in
kleinen Quarkmassen ersetzt.
Die Untersuchung einer physikalischen Theorie in verschiedenen Grenzwerten ist eine
ga¨ngige Methode in der Physik, um zu einem besseren und tieferen Versta¨ndnis der
Theorie zu gelangen. Einer der Grenzwerte, in dem die Quantenchromodynamik unter-
sucht werden kann, ist der Grenzwert, bei dem die Anzahl der Farben Nc unendlich wird
(oder einen großen Wert annimmt). Ergebnisse dieser Formulierung, wenn extrapoliert
zum physikalischen Fall mit Nc = 3, beschreiben die Eigenschaften der Hadronen in guter
U¨bereinstimmung mit den empirischen Beobachtungen. Im Lichte dieser Ergebnisse muss
der Grenzwert unendlicher Anzahl der Farben als eine viel versprechende Methode fu¨r
weitere Untersuchungen in der Hadronenphysik angesehen werden.
Die Gittereichtheorie ist eine Formulierung der Eichfeldtheorie, bei der die Regular-
isierung durch eine Diskretisierung der Raumzeit erreicht wird. Im Rahmen dieser For-
mulierung fu¨r QCD ko¨nnen Eigenschaften der Hadronen durch aufwa¨ndige nummerische
Simulationen berechnet werden.
Es ist das Ziel dieser Arbeit, das Zusammenspiel von den drei erwa¨hnten Ansa¨tzen
am Beispiel der Baryonmassen zu untersuchen. Die fu¨r die Berechnung beno¨tigte ef-
fektive Wechselwirkung wird diskutiert. Eine Analyse dieser Wechselwirkung im Gren-
zwert unendlicher Anzahl der Farben in QCD und die daraus resultierenden Relatio-
nen und Einschra¨nkungen fu¨r die effektiven Kopplungen werden ausgearbeitet. Ein
gutes Konvergenzverhalten der chiralen Entwicklung fu¨r die Baryonmassen und eine gute
U¨bereinstimmung der chiralen Extrapolation zu ho¨heren Quarkmassen mit den Ergeb-
nissen aktueller Gittereich-Rechnungen wird erreicht.
i
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Introduction
Quantum Chromodynamics (QCD), the theory of strong interaction, is an asymptotically
free theory and can be treated perturbatively only at high energies. At low energies
the coupling constant of the strong interaction, gs, increases rapidly and gives rise to
confinement.
The running of the coupling constant invalidates the perturbative expansion at small en-
ergies. This problem is overcome in the framework of effective field theory. The concept
of effective field theory is a very powerful tool in quantum field theory. In the modern
language, the main ideas of this concept can be summarized by the decoupling theorem
[3, 73] and by Wilson’s approach to the program of renormalization in quantum field
theory [94]. Given a characteristic energy scale, they show how to separate the physical
degrees of freedom below and above this scale and how to incorporate the influence of
the physics above the energy scale on the “low-energy” physics. Due to confinement of
quarks a perturbative matching of the hadronic and the quark-gluon degrees of freedom
at the separation scale is not possible. Therefore, the construction of the effective field
theory of QCD, which in this context is referred to as Chiral Perturbation Theory (χPT),
relies on the principles of quantum field theory and on the symmetries of QCD only. One
of the most important ingredient in this approach is the spontaneously and explicitly
broken chiral symmetry of quarks, leading to the concept of pseudo-Goldstone bosons in
QCD. Those are identified with the lightest pseudo-scalar mesons observed in nature.
At low energies the interaction between the Goldstone bosons is weak in contrast to the
strongly interacting quarks and gluons at that energies. This qualitative difference allows
a perturbative treatment of the physics of strongly interacting particles. Perturbative ex-
pansion in the coupling constant gs is replaced by an expansion in small hadron momenta
and quark masses, commonly denoted by the expansion parameter Q. This provides a
systematic method to describe the hadron interaction at low energy, which, on the other
hand, can be related to the matrix elements of quark operators.
To look at the theory in the various limits is a proven tool in physics to extract the
information out of it. There are field theories where the inverse power of the number of
degrees of freedom N can serve as an expansion parameter. The perturbative expansion
in the weak coupling constant is replaced by a topological expansion, where only a certain
class of diagrams which survive the large N limit needs to be considered. Some of them
become even exactly solvable in the limit where this number N tends to infinity. These
ideas were first applied by Stanley in statistical physics [81]. Wilson extended these ideas
to quantum field theories [93]. t’Hooft was first to point out, that QCD also possess such
an expansion parameter - the number of colours Nc [82, 83].
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Quantum Chromodynamics greatly simplifies in the limit Nc → ∞ and a systematic
expansion of physical observables in powers of 1/Nc is possible. One hopes that the
theory in this limit still bears the same (or very similar) features as in the physical case
Nc = 3. That means that the extension of QCD to the large values of Nc can only be
predictive if the physical observables have well-defined and physical meaningful behaviour
in this limit and if the values of these observables do not change strongly as Nc decreases
down to the physical value 3.
Doing the expansion one considers the corrections O(1/Nc) to be small (or negligible) for
large values of Nc and one assumes, that this approximation is also a good approximation
for 1/Nc = 1/3. The obvious question arising in this context is whether the “coupling“
1/3 should be regarded as “small” or “big”. As in many other cases in physics, the
quality of an ansatz can be judged only a posteriori. Looking at the results of large-Nc
calculations and comparing them with the known experimental facts can show, whether
the truncation after few leading term in the 1/Nc-expansion for Nc = 3 is an appropriate
approximation to the exact solution or not.
Another framework, making currently huge progress, is the lattice formulation of QCD.
In this approach the properties of the gauge theory are determined by large-scale numeri-
cal calculations carried out on a discretized Euclidean time-space. There are two types of
errors in lattice QCD – statistical and systematical. While the former can be arbitrarily
reduced by simply increasing the number of configurations, the later require conceptual
efforts. Systematical errors include finite lattice spacing and finite volume effects, fermion
formulation on the lattice and chiral extrapolation. The impact of the first two errors on
the results can be diminished by making the lattice larger and finer or by “improving”
the QCD action, making it less sensitive to the lattice parameters.
In the path-integral formalism, used in the lattice approach to QCD, it is very time
consuming to calculate the fermion determinant for the light quarks. Since the first cal-
culation of the hadron spectrum on the lattice [46], for almost two decades the properties
of hadrons were calculated in the so-called quenched approximation, where the fermion
determinant is set to one. This strongly reduces the run time of numerical calculations.
However, it is hard to determine the systematical error of this approximation. An estima-
tion of the error can be provided by the comparison with the lattice calculation carried
out with the dynamical (or unquenched) quarks, where the effect of the quarks is taken
completely (or partially) into account.
Due to run-time costs, numerical calculations with dynamical quarks have been (and
still are in many cases) long time limited to the quark masses artificially set to higher
unphysical values. An extrapolation down to the physical point was required in order
to compare the results of lattice calculations with the experimental values. Chiral per-
turbation theory suggests itself as the tool for such kind of extrapolation. Given the
quark mass dependence of hadron properties calculated in χPT, the extrapolation to the
unphysical region is simply obtained by raising the quark masses. Though the validness
of χPT in the unphysical region is questionable at the first sight, the range of validity is
sometimes claimed to be defined by the region in the quark masses, where χPT is able
to describe the lattice data.
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Owing to the constant improvement of the algorithms and the increase of the computa-
tional power during the last years, the lower limit of the quark masses available in lattice
simulations was strongly moved closer to the physical values. Nowadays even simulations
with the dynamical quarks at the physical point become available [2], so that chiral ex-
trapolations - for a long time a compromise due to the lack of computational power - may
become obsolete for the lattice community in the near feature. Nevertheless, correct chi-
ral extrapolations, at least in a small region around the physical point, are necessary from
the conceptual point of view and allow, furthermore, the determination of the unknown
chiral parameters.
It is the aim of this work to confront the chiral extrapolation for the baryon masses with
the current lattice calculations using dynamical quarks. Chiral expansion for the baryon
masses is calculated within the relativistic formulation of Chiral Perturbation Theory and
is supplemented by constraints from the formulation of QCD in the limit of the infinite
number of colours.
3
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Chapter 1.
QCD at low energy
Though the formulation of the effective field theory (EFT) approach to the low energy
physics of the strong interaction is by now a well established formalism and can be given in
almost a canonical form, the description of all details and subtleties is rather lengthy. For
a lucid introduction to Chiral Perturbation Theory we reffer to [78], which also containts
many references to the original literature.
In the first three sections of this chapter the symmetry properties of QCD are summarised
and only the main principles entering the formulation and the construction of the EFT
of QCD are outlined. The last section of this chapter contains the effective interaction
required for the calculation of the baryon masses up to the forth chiral order.
1.1. QCD and its symmetries
The interaction of quarks and gluons is governed by the QCD Lagrangian
LQCD = q¯(iγµDµ −Mq)q − 1
4
GaµνG
µν
a , (1.1)
with
Dµ = ∂µ − gsGaµ
λ(a)
2
,
Gaµν = ∂µG
a
ν − ∂νGaµ + gs fabcGbµGcν . (1.2)
Here, q is the quark spin-1/2 field operator, which is in addition a vector in colour and
flavour spaces. Gaµ are the eight Yang-Mills gluon fields. The strength of the quark-gluon
and gluon-gluon interaction is given by gs and the masses of six known quark flavours –
up, down, strange, charm, bottom and top – are contained in the mass matrix Mq
Mq = diag(mu,md,ms,mc,mb,mt). (1.3)
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usualy, the current quark masses are stated in terms of MS renormalised values at µ = 1
GeV (see [78] and the references therein)1: mu = 0.005 GeVmd = 0.009 GeV
ms = 0.175 GeV
 1 GeV ≤
 mc = (1.15− 1.35) GeVmb = (4.0− 4.4) GeV
mt = 174 GeV
 . (1.4)
In this work only the physics of the three lightest quarks is relevant. In all what follows,
talking about quarks only the three lightest flavours are meant, the quark mass matrix
is Mq = diag(mu,md,ms) and the quark operator is a three-component vector in the
flavour space.
The QCD-Lagrangian respects the discrete C, P and T symmetries separately and is
per construction invariant under the SU(3)-gauge transformation in the colour space.
Furthermore, the strong interaction possesses different (exact, approximate and sponta-
neously broken) symmetries in the flavour space.
Compared to the masses of the observed hadrons, which QCD is supposed to describe,
the running quark masses are very small. Thus, it is reasonable to consider QCD in
the limit of vanishing quark masses. In this limit the QCD Lagrange density is, in
addition to the already mentioned discrete and gauge symmetries, invariant under the
global U(1)V ⊗ SU(3)V ⊗ U(1)A ⊗ SU(3)A flavour transformations of quarks:
q → exp
(
iθV + iθ
a
V
λa
2
)
q, q → exp
(
iγ5θA + iγ5θ
a
A
λa
2
)
q. (1.5)
Conserved Noether currents resulting from these transformations are
Vµ = q¯γµq, ∂µVµ = 0,
Vµ,a = q¯γµλ
a
2
q, ∂µVµ,a = 0,
Aµ,a = q¯γµγ5λ
a
2
q, ∂µAµ,a = 0, (1.6)
whereas the U(1)A current Aµ = q¯γµγ5q is subject to the Adler-Bell-Jackiw anomaly:
∂µAµ = 3g
2
s
32pi2
µνρσG
a, µνGa, ρσ, 0123 = −0123 = 1. (1.7)
The conservation of Aµ in quantum field theory is broken by instanton effects [84].
1Due to the confinement of quarks, it is not possible to give the same physical meaning to the mass
parameters in (1.1) as in the case of observable particles, say, electron etc. The quark masses are rather
regarded as another coupling constants and are treated on the same footing as gs. Therefore, the absolute
values of the quark masses can only be stated upon having specified the renormalisation scheme and the
renormalisation scale. See [34], the contribution of Manohar in [29] and the recent review of Leutwyler
[61] for further details and for the current state of the determination of the quark masses.
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Conserved currents in (1.6) lead to the associated charge operators
QV (t) =
∫
d3x q†(~x, t)q(~x, t),
QaV (t) =
∫
d3x q†(~x, t)
λa
2
q(~x, t),
QaA(t) =
∫
d3x q†(~x, t)γ5
λa
2
q(~x, t), (1.8)
with
[QaV , HQCD] = [Q
a
A, HQCD] = [QV , HQCD] = 0. (1.9)
The Lie-algebra SU(3)V ⊗ SU(3)A in (1.5) is isomorph to the chiral algebra SU(3)R ⊗
SU(3)L which corresponds to separate flavour rotations of the right- and left-handed
quark components, qR =
1
2
(1 + γ5)q and qL =
1
2
(1 − γ5)q, respectively2. In the limit of
vanishing quark masses, QCD is said to possess a chiral symmetry.
Charge operators are generators of infinitesimal transformations of the symmetry group
on the Hilbert space of the theory. Naively one would expect, that the eigenstates of the
Hamiltonian should organise themselves in multiplets which are degenerate in quantum
numbers associated with the charges. As it can be shown (see e.g. [78]), this statement
is only true if the charge operators leave the ground state of the theory invariant3.
Concerning the charge operators QaV and Q
a
A in (1.8), no chiral doublets – particles
equal in mass, spin, baryon and flavour quantum numbers and opposite in parity – are
observed in the hadron spectrum. On the other hand, the observed low-energy baryons
with positive parity can be approximately organised in different SU(3) multiplets. This
suggests, that only the SU(3)V subgroup of SU(3)V ⊗ SU(3)A is a symmetry group of
the states.
A symmetry of the Hamiltonian, that is not realised in the Hilbert space, is said to be
spontaneously broken. From the observation in the hadron spectrum one concludes, that
in the limit Mq = 0 the full chiral symmetry group of QCD is spontaneously broken to
its vector subgroup:
SU(3)R ⊗ SU(3)L = SU(3)V ⊗ SU(3)A → SU(3)V . (1.11)
This fact can equivalently be stated as
QaA|0〉 6= 0. (1.12)
2The chiral operators PR =
1
2 (1 + γ5) and PL =
1
2 (1− γ5) are projectors:
PR + PL = 1, P
2
R = PR, P
2
L = PL, PRPL = PLPR = 0. (1.10)
They project onto the field components of different chirality: γ5 qR,L = ±qR,L. In the zero-mass limit
of the free quarks, the chiral operators also project onto the eigenstates of the helicity operator h =
~σ · ~p/
√
~p 2: h qR,L = ±qR,L. I.e., chirality is equal to helicity in this limit. The terminology right- and
left-handed used here is based on this fact.
3The opposite case is always true – the invariance of the vacuum under transformations of some
symmetry group implies always the invariance of the Hamiltonian under the same symmetry group, but
not vice versa [17].
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According to Goldstone’s theorem, for each generator in the broken subgroup there is a
massless boson carrying the quantum numbers of the broken generator. For the spon-
taneously broken SU(3)A with 8 generators one expects to find eight massless mesons
in the hadron spectrum. These Goldstone bosons are identified with the eight lightest
pseudoscalar mesons pi+, pi−, pi0, K+, K−, K0, K¯0, η. The key assumption which lead to
the idea of Goldstone bosons in QCD was the chiral limit of the theory, which is only
approximately realised in nature. Therefore, the pseudoscalar mesons mentioned above,
acquire small (as compared to other observed pseudoscalar mesons) but non-vanishing
masses and are often called pseudo-Goldstone bosons.
The U(1)V symmetry of QCD is identified with the baryon number conservation. The
eigenstates of QV are mesons and baryons. The corresponding U(1)V “charge”, the
baryon number B, is B = 0 and B = 1 for mesons and baryons, respectively.
In the presence of the quark mass term in the QCD Lagrangian the divergences of the
currents in (1.6) are modified as follows:
∂µV
µ = 0,
∂µAµ = 2iq¯Mqγ5q + 3g
2
s
32pi2
µνρσG
a,µνGa,ρσ,
∂µV
µ,a = iq¯[Mq, λ
a
2
]q,
∂µA
µ,a = iq¯{Mq, λ
a
2
}γ5 q. (1.13)
The U(1)V symmetry of QCD is not affected by the quark masses. Assuming the masses
of the three lightest quarks to have the same value, mu = md = ms, the quark mass
matrixMq commutes with all generators of SU(3). The conservation of the octet vector
current in this limit corresponds to the approximate SU(3) flavour symmetry of baryons
which was suggested by Gell-Mann on the ground of phenomenological observations and
which lead to the idea of quarks as the building elements of hadrons [42].
Furthermore, from the last line of (1.13) it follows, that the divergence of the axial-vector
current is proportional to a pseudoscalar quantity. This is the modern explanation of the
PCAC relation – partially conservation of the axial-vector current.
1.2. Green functions of QCD and their low-energy expansion
The objects of main interest in QCD are the vacuum matrix elements of time ordered
quark operators, the quark Green functions. On the level of Green functions, the sym-
metry properties of the QCD Lagrangian are expressed by a set of Ward identities. The
expansion of Green functions in powers of the external momenta and of the quark masses
is parametrised in terms of some coefficients. These coefficients are functions of the strong
coupling constant αs and the quark masses only (the only free parameters of QCD) and
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are interrelated to each other by the Ward identities. The expansion coefficients may be
identified with the coupling constants of an unique effective Lagrangian. Starting with
such an effective Lagrangian, governed by the general principles of quantum field theory
and by the symmetry constraints of the underlying theory, the low-energy representa-
tion of the Green function can be calculated more easily. The connection of QCD Green
functions and their low-energy expansion to the effective Lagrangian was systematically
worked out by Gasser and Leutwyler in a series of papers [36, 35, 37, 38].
The technique of external fields provides a systematic method to derive Green functions
and to study relations between them. Quark currents in question – vector, axial vector,
scalar and pseudoscalar – are coupled to external c-number sources as in
LQCD(G, q¯, q; v, a, s, p) ≡ L0QCD + LextQCD
≡ L0QCD + q¯ (γµ (vµ + γ5aµ)− (s− ipγ5)) q, (1.14)
with L0QCD given by the Lagrangian in (1.1) in the chiral limit. The vector field vµ, the
axial-vector field aµ and the scalar and pseudo-scalar fields s and p, respectively, are
hermitian matrix-valued fields in flavour space4:
vµ =
8∑
a=1
λa
2
vaµ , aµ =
8∑
a=1
λa
2
aaµ , s = s
0
1+
8∑
a=1
λasa , p = p01+
8∑
a=1
λapa. (1.15)
The original LQCD is restored by setting vµ = aµ = p = 0 and s = Mq in (1.14).
The generating functional (vacuum-to-vacuum transition amplitude) in the presence of
external fields is given by5
Z[v, a, s, p] = eiW [v,a,s,p] = 〈0out|0in〉v,a,s,p, (1.16)
and is calculated on the basis of (1.14). Green functions are obtained by taking functional
derivatives of the generating functional with respect to external fields:
〈0| q¯(x)q(x) |0〉 = i δ
δs0(x)
Z[v, a, s, p]
∣∣∣
v=a=p=0, s=Mq
,
〈0| q¯(x)γµγ5λ
a
2
q(x) |0〉 = −i δ
δaaµ(x)
Z[v, a, s, p]
∣∣∣
v=a=p=0, s=Mq
,
〈0| T q¯(x)γµγ5λ
a
2
q(x) q¯(y)γνγ5
λb
2
q(y) |0〉 = − δ
δaaµ(x)
δ
δabν(y)
Z[v, a, s, p]
∣∣∣
v=a=p=0, s=Mq
,
etc. (1.17)
In the presence of external fields, the QCD Lagrange density is invariant under the local
SU(3)R ⊗ SU(3)L transformations of right- and left-handed quarks,
qR(x) 7→ VR(x)qR(x), qL(x) 7→ VL(x)qL(x), (1.18)
4As long as we want to study SU(3) vector and axial-vector currents, the flavour singlet components
in vµ and aµ can be disregarded.
5In opposite to the works [36, 35, 37], the generating functional of connected Green functions is
denoted in this work by W , whereas Z is reserved for the generating functional of all Green functions as
in many textbooks (e.g. [47, 75, 91, 77, 18]).
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provided the external fields transform as
rµ(x) 7→ VR(x)rµ(x)V †R(x) + iVR(x) ∂µV †R(x),
lµ(x) 7→ VL(x)rµ(x)V †L(x) + iVL(x) ∂µV †L(x),
s(x) + ip(x) 7→ VR(x) (s(x) + ip(x))V †L(x), (1.19)
with rµ = vµ + aµ und lµ = vµ − aµ.
The information, carried by the chiral quark Ward identities, is embodied in the transfor-
mation properties of the generating functional under the gauge transformations in (1.18)
and (1.19). In the absence of anomalies, the conservation of quark currents is expressed
by the gauge invariance of Z. Due to anomalies the generating functional is not invariant
under the full chiral transformations stated above. The non-vanishing change in Z as the
result of chiral gauge transformation can be worked out explicitly explicitly [5, 92, 37].
At the formal level, the generating functional can be splitted in two parts:
Z[v, a, s, p] = Z[v, a, s, p]inv + Z[v, a, s, p]anom. (1.20)
All Green functions obtained form Z automatically satisfy the corresponding (anomalous
and non-anomalous) Ward identities.
Of special interest are quark operators taken between baryon states instead of vacuum.
Following [39], we denote the baryon-baryon transition amplitude in the presence of
external fields by
F(~p ′, ~p; v, a, s, p) = 〈p¯out|~pin〉connectedv,a,s,p , ~p ′ 6= ~p, (1.21)
where |~pin〉 (|~p ′out〉) is the incoming (outgoing) one-baryon state with the momentum ~p (~p ′).
Similar to (1.16), this amplitude serves as a generating functional for the baryonic matrix
elements of various quark operators. Analogous to (1.17), the low-energy expansion of
them is obtained by taking functional derivatives of F calculated with the help of an
effective Lagrangian.
In this work we are solely concerned with the baryon states which are members of the
flavour SU(3) octet and decuplet multiplets. These states are completely specified by the
four-momentum p, the spin-polarization index χ and by the flavour indices a and i, j, k,
respectively:
|p, χ, a〉 , and |p, χ, ijk〉. (1.22)
Here, the spin-polarization index takes the values χ = 1, 2 for the spin-1/2 baryons of
the octet and χ = 1, · · · , 4 for the spin-3/2 baryons of the decuplet and a = 1, · · · , 8 and
i, j, k = 1, 2, 3, respectively.
The low-energy expansion of the Green functions and of the baryonic matrix elements
of quark currents corresponds to an expansion in small quark masses and small external
momenta. This amounts to an expansion of the corresponding generating functionals,
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Z or F , in powers of the external fields and derivatives of them. An effective way to
determine such an expansion for the matrix elements of operators with given symmetry
properties provide effective Lagrangians [23, 20, 89, 19, 16, 90, 37]. In the next section the
effective Lagrangian for QCD at low energy will be discussed. In doing so, the discussion
will be limited to the part of the effective Lagrangian which amounts for the invariant
part of the generating functional in (1.20). The anomalous part can be given in an explicit
form [92], but is of no relevance in this work.
1.3. Effective field theory of QCD
LQCD with the symmetry group SU(3)R⊗SU(3)L⊗U(1)V , which is spontaneously broken
to its subgroup SU(3)V ×U(1)V , and the discrete symmetries of QCD serve as the start-
ing point of the construction of the effective field theory. Rewriting the theory in terms
of the hadronic degrees of freedom makes the introduction of a non-linear realisation of
the symmetry group for the Goldstone-bosons necessary. The case of the spontaneous
breakdown of the chiral SU(2)R ⊗ SU(2)L group to SU(2)V was originally discussed by
Weinberg in [89]. The generalisation to arbitrary symmetry groups which are sponta-
neously broken to some subgroup and the transformation properties of Goldstone boson
and matter fields6 was done by Callan, Colleman, Wess and Zumino (CCWZ) [19, 16].
The pseudo-scalar quantum fields for eight pseudo-Goldstone-bosons, which result from
the approximate spontaneous breakdown of the chiral symmetry SU(3)R ⊗ SU(3)L, will
be denoted by φa (a = 1, . . . 8). According to the CCWZ-prescription, they can be
parametrised non-linearly7 by a SU(3) -matrix U
U = eiΦ/f , U †U = 1, det(U) = 1, (1.23)
with
Φ =
8∑
a=1
φaλ
(a) =
 pi
0 + 1√
3
η
√
2pi+
√
2K+√
2pi− −pi0 + 1√
3
η
√
2K0√
2K−
√
2K¯0 − 2√
3
η
 . (1.24)
Matrix elements of the hermitian matrix Φ are identified with the physical fields by
comparing the isospin- and strangeness quantum numbers of the SU(3) octet Φ with
those of the observed pseudoscalar mesons (see e.g. [33]). The parameter f with the
mass dimension one, introduced in (1.23) to make the exponent dimensionless, is related
with the weak decay constant of the Goldstone-bosons.
6In the CCWZ-formalism, the matter fields are fields which are not the Goldstone bosons.
7There are infinitely many possibilities to introduce fields, associated with the Goldstone bosons,
non-linearly. The exponential representation in (1.23) is the most convenient one. Though, the different
parametrisation lead to different Green functions, the S-matrix elements are invariant under parametri-
sation [45, 55].
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In contrast to the fields φa, the matrix U transforms linearly under the chiral group
SU(3)R ⊗ SU(3)L:
U → U ′ = VRUV †L , VR ∈ SU(3)R, VL ∈ SU(3)L. (1.25)
In this work, the relevant matter fields are the 1
2
+
and 3
2
+
baryons building a SU(3) octet
and decuplet, respectively:
B =
1√
2
8∑
a=1
baλ
(a), ∆µijk, i, j, k = 1, 2, 3. (1.26)
The components of the flavour tensors B and ∆ are related to the physical particles as
in8
B =

1√
2
Σ0 + 1√
6
Λ Σ+ p
Σ− − 1√
2
Σ0 + 1√
6
Λ n
−Ξ− Ξ0 − 2√
6
Λ
 , (1.27)
and
∆111 = ∆
++, ∆112 = ∆
+/
√
3, ∆122 = ∆
0/
√
3, ∆222 = ∆
−,
∆113 = Σ
+/
√
3, ∆123 = Σ
0/
√
6, ∆223 = Σ
−/
√
3,
∆133 = Ξ
0/
√
3, ∆233 = Ξ
−/
√
3,
∆333 = Ω
− . (1.28)
Transformation of the baryon fields under the chiral symmetry group is not fixed. Baryon
field operators with different transformation properties can be related to each other by
field redefinitions9. A convenient way to set the transformation of baryons is
B → B′ = RBR†, ∆ijkµ → ∆ijk ′µ = RilRjmRkn∆lmnµ . (1.29)
The transformation matrix R is defined implicitly via
u′ = VRuR† = RuV
†
L , with u
2 = U, u = exp
(
i
2f
Φ
)
. (1.30)
The matrix R depends on VR, VL, U and on x through the coordinate dependence of the
meson fields in U . Though not obvious at the first sight, the transformation of baryons
in (1.29) leads to a derivative coupling of the Goldstone bosons to the baryons. The fact,
that the hadrons are non-interacting in the limit of vanishing momenta – one of the most
8The flavour matrix B possess a mixed flavour symmetry, whereas the tensor ∆ is completely sym-
metric under interchange of the flavour indices (s. a. Appendix D).
9The reparametrization invariance of the S-matrix permit the introduction of baryon fields, which
transform in an appropriate and in a more convenient way. The physical predictions are independent of
the specific form of the baryon field operator. The freedom to introduce the baryon fields with specific
chiral transformation properties is analogous to the freedom to define a non-linear representation of the
mesons as in (1.23).
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important consequences of the chiral limit – is more explicit in this form.
The invariance of the generating functional of the theory under the local chiral transfor-
mations makes the introduction of covariant derivatives necessary, which transform under
local SU(3)R ⊗ SU(3)L group in the same way as the objects they act on. It holds:
∇µU = ∂µU − irµU + iUlµ,
∇µU † = ∂µU † + iU †rµ − i lµU †,
DµB = ∂µB + ΓµB +BΓ
†
µ = ∂µB + [Γµ, B],
Dµ∆
ijk
ν = ∂µ∆
ijk
ν + (Γµ)
i
l ∆
ljk
ν + (Γµ)
j
l ∆
ilk
ν + (Γµ)
k
l ∆
ijl
ν . (1.31)
The connection Γµ, which enters the definition of the covariant derivative for the baryons,
is given by
Γµ =
1
2
(
u†(∂µ − irµ)u+ u(∂µ − ilµ)u†
)
=
1
2
[u†, ∂µu]− i
2
(
u†rµu+ u lµu†
)
, (1.32)
with
Γ†µ = −Γµ, and Γµ
SU(3)R⊗SU(3)L−→ RΓµR† +R∂µR†. (1.33)
In the process of promoting a global symmetry to a local one, the interaction of the gauge
fields is taken into account via the corresponding field stress tensors10:
fRµν = ∂µrν − ∂νrµ − i[rµ, rν ], fLµν = ∂µlν − ∂νlµ − i[lµ, lν ], (1.34)
with
fRµν
SU(3)R⊗SU(3)L−→ VRfRµνV †R, fLµν
SU(3)R⊗SU(3)L−→ VLfRµνV †L . (1.35)
For the scalar and pseudoscalar fields one introduces11:
χ0 = 2B0(s+ ip), with χ0
SU(3)R⊗SU(3)L−→ VRχ0V †L . (1.36)
In the course of the construction of the effective interaction, it is more convenient to deal
with objects, which transform all in the same way, e.g. as the baryons in (1.29). In order
to achieve this, one introduces the following objects for the mesons and for the external
fields:
Uµ =
1
2
u†(∇µU)u† = −1
2
u(∇µU)†u,
f±µν = u
†fRµνu± ufLµνu†,
χ± =
1
2
(
uχ†0u± u†χ0u†
)
. (1.37)
10External fields, introduced here as a technical tool to access matrix elements of various quark
operators, can be identified with the electroweak gauge fields of the Standard Model (see e.g. [78]). This
allows to study electroweak properties of quarks and hadrons.
11The parameter B0 used in the definition of χ0 is related to the order parameter of the chiral
symmetry breaking in QCD: 3f2B0 = −〈0|q¯q|0〉. The quark condensate can be determined e.g. by using
lattice or QCD sum rule methods.
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SU(3)R ⊗ SU(3)L C Λ h.c.
Uµ RuµR
† uTµ (det Λ) Λ
ν
µ uν −uµ
χ+ Rχ+R
† χT+ χ+ χ+
χ− Rχ−R† χT− (det Λ)χ− −χ−
f+µν Rf
+
µν R
† −f+Tµν Λ αµ Λ βν f+αβ f+µν
f−µν Rf
−
µν R
† f−Tµν (det Λ) Λ
α
µ Λ
β
ν f
−
αβ f
−
µν
Table 1.1.: Transformation properties of Uµ, χ±, f±µν .
The transformation properties of these building blocks under chiral transformation, charge
conjugation, general Lorentz transformation Λ as well as their hermitian conjugates are
summarised in Table (1.1).
1.4. Chiral Lagrangian in the presence of external fields
The most general chiral Lagrangian is obtained with the help of the building blocks in-
troduced in the previous section, with the derivatives on the meson and baryon fields
replaced with the pertinent covariant expressions. Products built out of them trans-
form non-linearly under SU(3)R ⊗ SU(3)L as R . . . R†. To guarantee the invariance of
such products, traces in flavour space have to be taken. The so obtained interaction
terms are SU(3)-scalars. Furthermore, it has to be ensured, that they are also scalars in
Lorentz- and Dirac-spaces and are invariant under the discrete C,P, T symmetry trans-
formations.
The symmetry constraints for the effective Lagrangian still allow an infinite number
of interaction terms. To achieve a systematic low-energy expansion of the generating
functionals discussed in Section 1.2, a power counting scheme needs to be established.
The interaction terms in the chiral Lagrangian are grouped according to the low-energy
expansion parameter Q, which stands either for small external momenta or for the quark
masses. The building blocks are booked as
U, u,B = O(Q0), vµ, aµ = O(Q0), Uµ = O(Q1), f±µν , χ± = O(Q2). (1.38)
While the spatial three-momentum of the baryons in the low-energy region can be re-
garded as small, the four-momentum cannot be treated as a small quantity since the
baryon mass doesn’t vanish in the chiral limit. The derivatives and the Dirac-operator
are counted as
DµB = O(Q0), (iγµDµ−
◦
M)B = O(Q1). (1.39)
Furthermore, the study of the spatial momentum dependence of the elements of the
Clifford algebra leads to the following counting
I, γµ, γ5γµ, σµν = O(Q0), γ5 = O(Q1). (1.40)
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The minimal chiral order of a given diagram is Qν with
ν =
∑
i
Vi(di + 2mi)− 2IM − IB + 4L). (1.41)
Here, the summation is done over all types of vertices. Vi is the number of vertices of
type i, di and the mi are the number of derivatives on the meson fields and the number
of the matrices fµν and χ± in that vertex, respectively. Furthermore, IM and IB stand
for the number of mesonic and baryonic inner lines and L counts the number of loops.
Given a chiral order ν, the relevant interaction terms and the diagramms are determined
with the help of (1.41).
At every order of the low-energy expansion a new set of unknown constants appears.
These constants are functions of QCD parameters – gs and the quark masses. For the
lack of ability of a direct calculation of these constants, they have to be fitted to physical
observables.
General rules for the construction of the chiral SU(3) Lagrangian, transformation prop-
erties of the interaction terms containing an arbitrary number of meson fields and the
interaction up to the chiral order Q3 were discussed in detail by Krause in [57]. This
work was recently reviewed, and completed in [71, 31, 72]. The analysis in these works
was carried out for SU(3) flavour octet baryons only.
The extension of the general results obtained in the cited works to the spin-3/2 decuplet
baryons is, in principle, straightforward. The generalisation to the arbitrary number of
mesons is complicated by the fact that all possible flavour contractions are not so obvious
at the first sight. In the case of decuplet baryons, the determination of the SU(3)-singlets
has to be done for every case of interest separately. Appendix C contains an extensive
discussion of this topic.
In this section we state the chiral interaction required for the calculation of the baryon
masses up to the fourth chiral order. To obtain the relevant terms, the interaction, stated
in terms of the building blocks, is further expanded in mesonic and external fields and is
truncated at the relevant order with the help of
Uµ =
i
2f
∂µΦ− 1
2f
[Φ, vµ]− iaµ +O(Φ2),
Γµ =
1
8f 2
[Φ, ∂µΦ]− ivµ + 1
2f
[aµ,Φ] +
i
8f 2
[Φ, [Φ, vµ]] +O(Φ3),
f±µν = f
R
µν ± fLµν +
i
2f
[fRµν ∓ fLµν ,Φ]−
1
8f 2
[
Φ,
[
Φ, fRµν ± fLµν
]]
+O(Φ3),
χ+ = χ0 − 1
8f 2
{Φ, {Φ, χ0}}+O(Φ3),
χ− =
i
2f
{χ0,Φ}+O(Φ3), (1.42)
15
and
fRµν + f
L
µν = 2f
V
µν + 2i [aµ, aν ],
fRµν − fLµν = 2 (∂µaν − ∂νaµ)− 2i ([vµ, aν ] + [aµ, vν ]) . (1.43)
To cope with flavour indices in the products of SU(3) tensors containing decuplet, we
use following compact dot-notation introduced in [64]:
(∆¯ ·∆)mk ≡ ∆¯ijk∆ijm, (∆¯ · Φ)mk ≡ ∆¯ijk Φil jlm, (Φ ·∆)mk ≡ ∆ijm Φli jlk. (1.44)
1.4.1. Q1 chiral Lagrangian
Leading order chiral Lagrangian is of the order one and is given by
L(1) = tr (B¯(i /D− ◦M [8])B)
− tr (∆¯µ · ((i /D− ◦M [10]) gµν − i(γµDν + γνDµ) + γµ(i /D+ ◦M [10])γν)∆ν)
+ F tr
(
B¯ γµγ5 [iUµ, B]
)
+D tr
(
B¯ γµγ5 {iUµ, B}
)
+ C
(
tr
(
(∆¯µ · iUµ)B
)
+ h.c.
)
+H tr
(
(∆¯µ · γνγ5 ∆µ) iU ν
)
. (1.45)
The first two lines are the covariant generalisation of the spin-1/2 and spin-3/2 kinetic
and mass terms for objects carrying SU(3) indices12. The mass parameters
◦
M [8] and
◦
M [10] are the masses of octet and decuplet baryons in the chiral limit, respectively.
The interaction stated in the last two lines of (1.45) describes axial properties of baryons
and the coupling of the Goldstone bosons to them. Further meson-baryon interaction
terms are obtained by using the expansion of the building blocks in (1.42). Putting the
results for Γµ into the kinetic terms, one obtains for the octet baryons
tr
(
B¯ i γµDµB
)
= tr
(
B¯ i γµ ∂µB
)
+
i
8f 2
tr
(
B¯ γµ [[Φ, ∂µΦ], B]
)
+ tr
(
B¯γµ[vµ, B]
)− 1
8f 2
tr
(
B¯ γµ [[Φ, [Φ, vµ]], B]
)
+O(Φ3). (1.46)
Analogous expressions hold for the spin-3/2 decuplet baryons.
Matrix elements of the axial-vector quark current,
Aµa(x) = q¯(x)γµγ5λ
(a)
2
q(x), (1.47)
are obtained by taking the derivative of the baryon transition amplitude F with respect
to the auxiliary external field aµ:
〈p¯| Aµa(x) |p〉 = −i δ
δaaµ(x)
F(p¯, p; v, a, s, p)
∣∣∣
v=0, a=0, s=Mq , p=0
. (1.48)
12Kinetic and mass terms for mesons are O(Q2).
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In the leading order chiral Lagrangian the external field aµ is introduced via the building
block Uµ. Using (1.45) and the expansion for Uµ in (1.42), one derives the leading order
terms in the chiral expansion of the r.h.s. of (1.48):
〈p¯| Aµa |p〉 = 1
2
〈p¯|D tr (B¯ γµγ5 {λ(a), B})+ F tr (B¯ γµγ5 [λ(a), B])
+C
(
tr
(
∆¯µ λ(a) B
)
+ h.c.
)
+H ∆¯ν γµγ5λ
(a)∆ν |p〉. (1.49)
Evaluation of (1.49) for the octet and decuplet baryon states leads directly to
〈p¯, χ¯, c| Aaµ(0) |p, χ, b〉 = u¯(p¯, χ¯) γµγ5 u(p, χ)
(
Ddabc + F ifabc
)
,
〈p¯, χ¯, nop| Aaµ(0) |p, χ, b〉 = u¯µ(p¯, χ¯)u(p, χ)C
1
2
√
2
Λnopab ,
〈p¯, χ¯, nop| Aaµ(0) |p, χ, klm〉 = u¯λ(p¯, χ¯) γµγ5 uλ(p, χ)H
1
2
Λa,xyzklm δ
nop
xyz , (1.50)
with the spin-1/2 and spin-3/2 spinors u(p, χ) and uµ(p, χ)
13, respectively, and the flavour
transition tensors defined by
Λklmab =
[
εijk λ
(a)
li λ
(b)
mj
]
sym(klm)
, δ klmnop =
[
δkn δlo δmp
]
sym(nop)
,
Λabklm =
[
εijk λ
(a)
il λ
(b)
jm
]
sym(klm)
, Λa,klmnop =
[
λ
(a)
kn δlo δmp
]
sym(nop)
. (1.51)
Here, the abbreviation sym(ijk) stands for the symmetrization of the indices i, j, k:
sym(ijk) =
1
6
(ijk + permutations). (1.52)
The flavour tensors, introduced in (1.51), are useful when dealing with different SU(3)
flavour contractions and will be frequently used in this work later on.
Baryon matrix elements of the axial vector currents, if coupled to the matrix elements of
the leptonic weak current, govern the semi-leptonic decays of baryons, B → B′ + e+ ν¯e.
Such processes may serve to determine the parameters F and D in (1.45). Given the
experimental values for all known semi-leptonic decays of the octet baryons, a good fit
using the tree level results in (1.50) can be obtained with D = 0.80 and F = 0.45 (see
e.g. [14, 49, 52, 10])14.
The value of the coupling constant C can be extracted experimentally from the hadronic
decays of the decuplet baryons to the octet baryons ∆ → Npi, Σ[10] → Σpi, etc. The
13The spinors depend on the baryon mass M via the on-shell momentum p =
(√
M + ~p2, ~p
)
with
p2 = M2. See Appendix H for their definition and normalisation.
14One-loop corrected values for D and F , obtained in the non-relativistic version of chiral perturbation
theory, HBχPT, differ strongly from the tree-level result [52, 10]. This signals a bad convergence of the
strict chiral expansion. The situation is expected to be improved by partial summation of higher order
terms as is most naturally done in the relativistic formulation of χPT.
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parameter H cannot be extracted from experiment directly. One-loop corrections to
the axial form factors of the octet baryons or to the decuplet baryon decays provide an
indirect way to determine this coupling. Estimates for H obtained in one-loop HBχPT-
calculations for these two, from the physical point of view very different, processes coincide
within the uncertainties in both approaches [50, 15]. Using large-Nc sum rules, these
parameters can also be correlated to the octet couplings F and D [21]. This correlation
will also be discussed in the next chapter.
1.4.2. Q2 chiral Lagrangian
Regarding the Lorentz-transformation properties of Dirac structures, the Q2 chiral sym-
metry conserving interaction can be decomposed in scalar, vector, axial-vector and tensor
parts:
L(2)4−point = L(S) + L(V ) + L(A) + L(T ). (1.53)
In the following we specify these part separately. The Dirac scalar part of the interaction
is given by
L(S) = −1
2
g
(S)
0 tr
(
B¯ B
)
tr (Uµ U
µ)− 1
2
g
(S)
1 tr
(
B¯ Uµ
)
tr (Uµ B)
− 1
4
g
(S)
D tr
(
B¯ {{Uµ, Uµ} , B}
)− 1
4
g
(S)
F tr
(
B¯ [{Uµ, Uµ} , B]
)
+
1
2
h
(S)
1 tr
(
∆¯µ ·∆µ
)
tr (Uν U
ν) +
1
2
h
(S)
2 tr
(
∆¯µ ·∆ν
)
tr (Uµ Uν)
+ h
(S)
3 tr
((
∆¯µ ·∆µ
)
(Uν U
ν)
)
+
1
2
h
(S)
4 tr
((
∆¯µ ·∆ν
) {Uµ, Uν})
+ h
(S)
5 tr
((
∆¯µ · Uν
)
(U ν ·∆µ))
+
1
2
h
(S)
6
(
tr
((
∆¯µ · Uµ
)
(Uν ·∆ν)
)
+ tr
((
∆¯µ · Uν
)
(Uµ ·∆ν)
) )
. (1.54)
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The Dirac vector part is:
L(V ) = −1
4
g
(V )
0
(
tr
(
B¯ iγµ ∂νB
)
tr (Uν Uµ) + h.c.
)
− 1
8
g
(V )
1
(
tr
(
B¯ Uµ
)
iγµ tr (Uν ∂
νB) + tr
(
B¯ Uν
)
iγµ tr (Uµ ∂
νB) + h.c.
)
− 1
8
g
(V )
D
(
tr
(
B¯ iγµ {{Uµ, Uν} , ∂νB}
)
+ h.c.
)
− 1
8
g
(V )
F
(
tr
(
B¯ iγµ [{Uµ, Uν} , ∂νB]
)
+ h.c.
)
+
1
4
h
(V )
1
(
tr
(
∆¯λ · iγµ ∂ν∆λ
)
tr (Uµ Uν) + h.c.
)
+
1
4
h
(V )
2
(
tr
((
∆¯λ · iγµ ∂ν∆λ
) {Uµ, Uν})+ h.c.)
+
1
4
h
(V )
3
(
tr
((
∆¯λ · Uµ
)
iγµ
(
Uν · ∂ν∆λ
))
+ tr
((
∆¯λ · Uν
)
iγµ
(
Uµ · ∂ν∆λ
))
+ h.c.
)
.
(1.55)
The decuplet-octet transition is described by the axial-vector part of the interaction:
L(A) = −1
4
f
(A)
1
(
tr
(
(∆¯µ · γνγ5B) {Uµ, Uν}
)
+ h.c.
)
− 1
4
f
(A)
2
(
tr
(
(∆¯µ · γνγ5B) [Uµ, Uν ]
)
+ h.c.
)
− 1
4
f
(A)
3
(
tr
(
(∆¯µ · Uν) γνγ5 (Uµ ·B)
)
+ tr
(
(∆¯µ · Uµ) γνγ5 (Uν ·B)
)
+ h.c.
)
− 1
4
f
(A)
4
(
tr
(
(∆¯µ · Uν) γνγ5 (Uµ ·B)
)− tr((∆¯µ · Uµ) γνγ5 (Uν ·B))+ h.c.). (1.56)
Finally, the Dirac tensor part is given by:
L(T ) = −1
2
g
(T )
1 tr
(
B¯ Uµ
)
iσµν tr (Uν B)− 1
4
g
(T )
D tr
(
B¯ iσµν {[Uµ, Uν ] , B}
)
− 1
4
g
(T )
F tr
(
B¯ iσµν [[Uµ, Uν ] , B]
)
+
1
2
h
(T )
1 tr
((
∆¯λ · iσµν∆λ
)
[Uµ, Uν ]
)
. (1.57)
Spin-3/2 fields introduce additional Lorentz structures allowing more Lorentz contractions
as compared to the terms with spin-1/2 fields only. At the first sight, a lot of other
contractions can be written down in L(2)4−point in terms containing the spin-3/2 fields. A
closer look reveals all those terms to be vanishing, redundant or to be of higher chiral
order. This can be shown with the help of the spin-3/2 constraints
γµ∆µ = ∂
µ∆µ = 0, (1.58)
and by using partial integration and the equation of motion for baryons.
The list of Q2 terms in the chiral Lagrangian is completed by the kinetic term for mesons
and by terms describing the coupling of baryons to the external fields via the f±µν tensors.
We don’t specify those terms since they are not relevant in this work.
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The interaction, introduced in this section, can be used to study the low-energy behavior
of the product of two axial-vector currents of QCD in the baryon sector. The baryon
matrix elements of this product are obtained via
〈p¯| T Aµa(x)Aν b(y) |p〉 = − δ
δaaµ(x)
δ
δabν(y)
F(p¯, p; v, a, s, p)
∣∣∣
v=0, a=0, s=Mq , p=0
. (1.59)
We discuss first the general form of the low-energy expansion of the right hand side of
(1.59). Three- and four-point interaction terms, given in (1.45) and (1.53), enter the
perturbative calculation of the baryon transition amplitude on the right hand side of
(1.59). These terms in the chiral Lagrange density can be written as follows:
L(x) = F adc b¯d(x) γµγ5 bc(x) iUaµ(x) + F abdc b¯d(x) Γµν bc(x) iUaµ(x) iU bν(x). (1.60)
Here, only the part of the interaction for the octet baryons is shown. Similar expressions
can be written for the other vertices. The summation over different flavour structures F adc,
F abdc and over Cartesian flavour indices (a, b, c, d = 1, . . . 8) appearing twice in a single term
is implicit in (1.60). Furthermore, additional normalisation factors and chiral coupling
constants are absorbed into the definition of the flavour structures in order to simplify
the notation in the following. Γµν is either the metric tensor gµν or an element of the
Clifford algebra, eventually supplemented by an additional derivative on the baryon field
in order to saturate the open Lorentz indices15.
Using (1.60), the leading order terms in the perturbative expansion of (1.59) are readily
obtained:
〈p¯, χ¯, d| T Aµa(x)Aν b(y)|p, χ, c〉
=
8∑
d¯=1
F add¯F
b
d¯c e
i(p¯x−py) u¯(p¯, χ¯) γµγ5 iS d¯(x− y) γνγ5 u(p, χ)
+
8∑
d¯=1
F bdd¯F
a
d¯c e
i(p¯y−px) u¯(p¯, χ¯) γνγ5 iS d¯(y − x) γµγ5 u(p, χ)
− iei(p¯−p)y u¯(p¯, χ¯) (F abdc Γµν + F badc Γνµ)u(p, χ) δ4(x− y), (1.61)
where the propagator for a baryon field with the flavour quantum number d and the mass
Md is given in the coordinate space by
iSd(x) =
∫
d4k
(2pi)4
i(/k +Md)
k2 −M2d + i
e−ikx. (1.62)
First two terms in (1.61) parametrise the s- and u- channel leading order contributions
to the meson-baryon scattering and are related to each other by the interchange of the
meson flavour components a ↔ b. The term proportional to δ4(x − y) is the contact
term contribution to the amplitude. These contributions can be represented by Feynman
diagrams as in Figure 1.1.
15In the vertices containing SU(3) decuplet baryons, the open Lorentz indices can be partially carried
by spin-3/2 field operators.
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dc
b a
d
(a)
dc d
b a
(b)
c d
b a
(c)
Figure 1.1.: s-, u-channel and contact term contribution to the meson baryon scattering.
In the following we provide an explicit form of the leading order contributions of the
contact terms to the correlator
Cabµν(q) ≡ i
∫
d4x e−iqx T Aaµ(x)Abν(0). (1.63)
These contributions are obtained with the help of theQ2-Lagrangian stated in this section.
Cabµν evaluated between the octet and decuplet leads to
〈p¯, χ¯, d|Cabµν(p¯− p) |p, χ, c〉 =
u¯(p¯, χ¯)u(p, χ) gµν × 1
2
([
g
(S)
0 +
2
3
g
(S)
D
]
δcdδab +
1
2
g
(S)
1
[
δadδbc + δacδbd
]
+ g
(S)
D dabedcde + g
(S)
F dabe ifcde
)
+ u¯(p¯, χ¯) (γµ (p+ p¯)ν + (p+ p¯)µ γν)u(p, χ) × 1
4
([
g
(V )
0 +
2
3
g
(V )
D
]
δcd δab
+
1
2
g
(V )
1
[
δad δbc + δac δbd
]
+ g
(V )
D dabe dcde + g
(V )
F i dabe fcde
)
+ u¯(p¯, χ¯) iσµν u(p, χ) × 1
2
(1
2
g
(T )
1
[
δad δbc − δbd δac
]
+ g
(T )
D ifabe dcde − g(T )F fabefcde
)
,
(1.64)
〈p¯, χ¯, nop|Cabµν(p¯− p) |p, χ, klm〉 =
− u¯λ(p¯, χ¯)uλ(p, χ) gµν × 1
4
([
h
(S)
1 +
2
3
h
(S)
3 + h
(S)
5
]
2δab δnopklm
+
[
2h
(S)
3 + 3h
(S)
5
]
dabe δ
nop
xyz Λ
e,xyz
klm −
3
2
h
(S)
5 δ
nop
rst
(
Λa,rstxyz Λ
b,xyz
klm + Λ
b,rst
xyz Λ
a,xyz
klm
))
− (u¯µ(p¯, χ¯)uν(p, χ) + u¯ν(p¯, χ¯)uµ(p, χ))× 1
8
([
h
(S)
2 +
2
3
h
(S)
4 + h
(S)
6
]
2δab δklmnop
+
[
2h
(S)
4 + 3h
(S)
6
]
dabe δ
nop
xyz Λ
e,xyz
klm −
3
2
h
(S)
6 δ
nop
rst
(
Λa,rstxyz Λ
b,xyz
klm + Λ
b,rst
xyz Λ
a,xyz
klm
))
− u¯λ(p¯, χ¯) (γµ(p+ p¯)ν + (p+ p¯)µ γν)uλ(p, χ) × 1
16
([
h
(V )
1 +
2
3
h
(V )
2 + h
(V )
3
]
2δab δklmnop
+
[
2h
(V )
2 + 3h
(V )
3
]
dabe δ
nop
xyz Λ
e,xyz
klm −
3
2
h
(V )
3 δ
nop
rst
(
Λa,rstxyz Λ
b,xyz
klm + Λ
b,rst
xyz Λ
a,xyz
klm
))
− u¯λ(p¯, χ¯) iσµν uλ(p, χ) × 1
2
h
(T )
1 ifabe δ
nop
xyz Λ
e,xyz
klm , (1.65)
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and
〈p¯, χ¯, nop|Cabµν(p¯− p) |p, χ, c〉
= (u¯µ(p¯, χ¯) γνγ5 u(p, χ) + u¯ν(p¯, χ¯) γµγ5 u(p, χ))
× 1
16
√
2
(
f
(A)
1 2dabe Λ
nop
ce + f
(A)
3
[
Λnopae (d
bce + if bce) + Λnopbe (d
ace + iface)
] )
+ (u¯µ(p¯, χ¯) γνγ5 u(p, χ)− u¯ν(p¯, χ¯) γµγ5 u(p, χ))
× 1
16
√
2
(
f
(A)
2 2ifabe Λ
nop
ce + f
(A)
4
[
Λnopae (d
bce + if bce)− Λnopbe (dace + iface)
] )
.
(1.66)
1.4.3. Explicit symmetry breaking
The explicit breaking of the chiral symmetry enters into the chiral Lagrangian through
terms proportional to the matrices χ± with the scalar density s set equal to the quark
mass matrix Mq and p = 0. Such terms take the non-vanishment of the quark masses
into account and allow a systematic expansion around the chiral limit. They give rise to
the contribution to the matrix elements of the scalar and pseudo-scalar quark currents.
Due to these terms the hadron masses take values different from their values in the chiral
limit. In this section, terms leading and sub-leading in Mq are stated for baryons.
The symmetry breaking part of the effective Lagrange density linear in χ+ contains Q
2
and Q3 terms:
L(2)χ = 2b0 tr
(
B¯B
)
tr (χ+) + 2bD tr
(
B¯ {χ+, B}
)
+ 2bF tr
(
B¯ [χ+, B]
)
− 2d0 tr
(
∆¯µ ·∆µ
)
tr(χ+)− 2dD tr
((
∆¯µ ·∆µ
)
χ+
)
, (1.67)
L(3)χ = ζ0 tr
(
B¯ (i /D− ◦M [8])B
)
tr(χ+) + ζD tr
(
B¯ (i /D− ◦M [8]) {χ+, B}
)
+ ζF tr
(
B¯ (i /D− ◦M [8]) [χ+, B]
)
− ξ0 tr
(
∆¯µ · (i /D−
◦
M [10]) ∆
µ
)
tr(χ+)− ξD tr
(
∆¯µ · (i /D−
◦
M [10]) ∆
µ χ+
)
. (1.68)
Q4 symmetry breaking terms are proportional to the squared matrix χ+:
L(4)χ = c0 tr
(
B¯B
)
tr
(
χ2+
)
+ c1 tr
(
B¯χ+
)
tr (χ+B)
+ c2 tr
(
B¯ {χ2+, B}
)
+ c3 tr
(
B¯ [χ2+, B]
)
+ c4 tr
(
B¯ {χ+, B}
)
tr(χ+) + c5 tr
(
B¯ [χ+, B]
)
tr(χ+)
+ c6 tr
(
B¯B
)
(tr(χ+))
2
− e0 tr
(
∆¯µ ·∆µ
)
tr
(
χ2+
)− e1 tr ((∆¯µ · χ+) (χ+ ·∆µ))
− e2 tr
((
∆¯µ ·∆µ
) · χ2+)− e3 tr ((∆¯µ ·∆µ) · χ+) tr(χ+)
− e4 tr
(
∆¯µ ·∆µ
)
(tr(χ+))
2 . (1.69)
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The baryon mass shifts up to the fourth chiral order, caused by the symmetry breaking
part of the chiral Lagrangian, are readily obtained by evaluating the tree-level baryon
self energies with (1.67 - 1.69). We assume the perfect isospin symmetry throughout this
work and write
mu = md ≡ m. (1.70)
Upon expanding the matrix χ+ as in (1.42) and retaining only relevant terms in this
expansion, the explicit expressions for the self energies of the octet baryons read
Σtree−levelN = −4B0
(
beff0 (2m+ms) + b
eff
D (m+ms) + b
eff
F (m−ms)
)
− 4B20
(
c0 (2m
2 +m2s) + c2 (m
2 +m2s) + c3 (m
2 −m2s)
)
− 2B0
(
ζ0 (2m+ms) + ζD (m+ms) + ζF (m−ms)
)(
MN−
◦
M [8]
)
,
Σtree−levelΛ = −4B0
(
beff0 (2m+ms) +
2
3
beffD (m+ 2ms)
)
− 4B20
(
c0 (2m
2 +m2s) +
2
3
c1 (m−ms)2 + 2
3
c2 (m
2 + 2m2s)
)
− 2B0
(
ζ0 (2m+ms) +
2
3
ζD (m+ 2ms)
)(
MΛ−
◦
M [8]
)
,
Σtree−levelΣ = −4B0
(
beff0 (2m+ms) + 2 b
eff
D m
)
− 4B20
(
c0 (2m
2 +m2s) + 2 c2m
2
)
− 2B0
(
ζ0 (2m+ms) + 2 ζDm
)(
MΣ−
◦
M [8]
)
,
Σtree−levelΞ = −4B0
(
beff0 (2m+ms) + b
eff
D (m+ms)− beffF (m−ms)
)
− 4B20
(
c0 (2m
2 +m2s) + c2 (m
2 +m2s)− c3 (m2 −m2s)
)
− 2B0
(
ζ0 (2m+ms) + ζD (m+ms)− ζF (m−ms)
)(
MΞ−
◦
M [8]
)
, (1.71)
Σtree−level∆ = −4B0
(
deff0 (2m+ms) + d
eff
D m
)
− 4B20
(
e0 (2m
2 +m2s) + e2m
2
)
− 2B0
(
ξ0 (2m+ms) + ξDm
)(
M∆−
◦
M [10]
)
,
Σtree−levelΣ∗ = −4B0
(
deff0 (2m+ms) +
1
3
deffD (2m+ms)
)
− 4B20
(
e0 (2m
2 +m2s) +
1
3
e1 (m−ms)2 + 1
3
e2 (2m
2 +m2s)
)
− 2B0
(
ξ0 (2m+ms) +
1
3
ξD (2m+ms)
)(
MΣ∗−
◦
M [10]
)
,
Σtree−levelΞ∗ = −4B0
(
deff0 (2m+ms) +
1
3
deffD (m+ 2ms)
)
− 4B20
(
e0 (2m
2 +m2s) +
1
3
e1 (m−ms)2 + 1
3
e2 (m
2 + 2m2s)
)
,
− 2B0
(
ξ0 (2m+ms) +
1
3
ξD (m+ 2ms)
)(
MΞ∗−
◦
M [10]
)
,
Σtree−levelΩ = −4B0
(
deff0 (2m+ms) + d
eff
D ms
)
− 4B0
(
e0 (2m
2 +m2s) + e2m
2
s
)
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− 2B0
(
ξ0 (2m+ms) + ξDms
)(
MΩ−
◦
M [10]
)
, (1.72)
with
beff0 = b0 + c6B0 (2m+ms), b
eff
D = bD + c4B0 (2m+ms),
beffF = bF + c5B0 (2m+ms),
deff0 = d0 + e4B0 (2m+ms), d
eff
D = dD + e3B0 (2m+ms). (1.73)
Terms in (1.68) ask for an additional remark. Using the equation of motion for the
baryons fields, the components in (1.68) can be eliminated. Therefore, in the presence
of the complete chiral Lagrangian, the interaction part contained in L(3)χ is redundant.
Nevertheless, this part may turn to be relevant, if the chiral expansion is truncated at
some order and the partial effect of higher order terms contained in L(3)χ needs to be
considered. One example for such situation is the chiral expansion of the baryon masses
and its extrapolation to higher quark masses. This will be discussed in Section 3.1 in
more details. Here, we consider the Q4 effect of the terms in L(3)χ , which can be completely
absorbed into the redefinition of the couplings in L(4)χ .
With the help of the equation of motion, the Q4 effects of L(3)χ are disentangled from the
residual effects (Q6) via the following decomposition
c0 = 2 (ζDbD − ζF bF ) + cχ0 , e0 = eχ0 ,
c1 =
4
3
(ζDbD − 3ζF bF ) + cχ1 , e1 = −
4
3
ξDdD + e
χ
1 ,
c2 = −2 (ζDbD − 3ζF bF ) + cχ2 , e2 = 2ξDdD + eχ2 ,
c3 = 2 (ζDbF + ζF bD) + c
χ
3 , e3 = 2 (ξ0dD + ξDd0) + e
χ
3 ,
c4 = 2 (ζ0bD + ζDb0 + 2ζDbD − 2ζF bF ) + cχ4 , e4 = 2ξ0d0 + eχ4 ,
c5 = 2 (ζ0bF + ζF b0) + c
χ
5 ,
c6 = 2 (ζ0b0 − ζDbD + ζF bF ) + cχ6 . (1.74)
which implies that a chiral decomposition of the baryon masses in terms of the cχi and e
χ
i
parameters does not depend on ζ0, ζD, ζF and ξ0, ξD, if truncated at order Q
4.
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Chapter 2.
QCD in the large-Nc limit
As already mentioned in the introduction, the formulation of QCD in the limit of an
infinite number of colours provides a powerful approach to the strong interaction. The
aim of this chapter will not be to give a comprehensive overview of this framework. The
presentation in the next three sections will be rather targeted directly on the methods
used for the description of the meson-baryon interaction and the static properties of the
baryons in the large-Nc limit. This knowledge allows to match the description of the
interaction in both frameworks - EFT for mesons and baryons and QCD in the limit of
large Nc - and will provide several constraints for the coupling constants in the chiral
Lagrangian.
In the next three sections it will be tried to give a closed and consistent overview of these
methods. The last section contains some applications and shows the interplay of both
approaches. The large-Nc constraints for the chiral Lagrangian are worked out there.
There is extensive treatment of this formalism in the literature on the introductional level
([18, 96, 68, 67, 85]). Some of the references to the original literature will be cited here
during the development of the text. References to the works on the topics, that are not
touched here, can be taken from the introductional texts mentioned above.
2.1. Introduction
QCD is readily generalised for arbitrary number of colours – the local gauge group is
promoted to U(Nc)
1. A typical diagram in a non-abelian theory is a gauge boson vacuum
polarisation, shown in Figure 2.1(a). After the summation over all possible colours in the
loop is done, this diagram picks up an overall factor Nc. In order to make such class of
diagrams well behaving in the limit Nc →∞, the product g2Nc needs to be kept fixed in
this limit. This suggests a rescaling of the coupling constant:
g → g√
Nc
. (2.1)
1The difference between SU(N) and U(N) in not relevant in the limit Nc →∞. In fact, the double
line notation, to be described below, is, strictly speaking, valid for U(N) only.
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(a) (b)
Figure 2.1.: Gluon propagator with gluon loop in usual and in double line notation.
(a) (b)
Figure 2.2.: Gluon propagator with quark loop in usual and in double line notation.
Therefore, in order to determine the overall Nc-factor of an arbitrary diagram one needs
to count the closed colour loops, each of them producing a factor Nc, and the explicit
occurrences of the coupling constant g (factor 1/
√
Nc).
The number of closed colour loops is more economically obtained by using t’Hooft’s double
line notation, where the gluon line is visualised in the diagrams by a quark-antiquark pair
[82]. Using the double-line notation, a closed colour loop corresponds to a closed quark-
antiquark loop.
The gluon propagator with gluon- and quark-loop insertions is shown in the usual and
in the double-line notations in Figures 2.1 and 2.2, respectively. The diagram with the
virtual gluon loop involves two vertices and a closed colour loop. Its scaling is:
Figure 2.1 ∼ g2Nc ∼
(
1√
Nc
)2
Nc = 1. (2.2)
On the other hand, a virtual quark loop is not accompanied by a closed colour loop
Figure 2.2 ∼ g2 ∼
(
1√
Nc
)2
=
1
Nc
, (2.3)
and is suppressed therefore by a factor 1/Nc as compared to diagrams without virtual
quark loops2. Having this, a carefull study of the Nc counting in the diagrams leads
to the conclusion that only a certain class of diagrams survives in the limit Nc → ∞.
These are the so-called planar diagrams which can be embedded in a single plane without
having two propagators crossing each other, except at a vertex. The leading diagrams are
planar diagrams where the single quark loop, if it exists, builds the edge of the diagram.
Further internal quark loops are suppressed.
2One distinguishes between the ’t Hooft limit, where the number of quark flavours is small and fixed
and the Venenziano limit, where the the ratio NF /Nc is hold fixed as Nc →∞. An internal quark loop,
containing the sum over all possible flavours, is not suppressed in the later case.
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2.2. Meson and baryon couplings
We sketch briefly the derivation of the scaling behaviour of the meson decay constants,
which helps to become familiar with the Nc counting in the diagrams. Consider first the
quark bilinear J = q¯ Γ q. Choosing the appropriate Dirac-structure Γ, such a bilinear
serves as an interpolating field for a meson. The leading order digram for the meson
two-point function is shown in Figure 2.3(a). It is of the order Nc because of the quark
loop, which, as already mentioned, contains a sum over colour degrees of freedom. All
the other planar diagrams with insertions of an arbitrary number of gluon lines are of the
same order. An important observation of Witten in [95] was that in the limit Nc → ∞,
the quark bilinear J interpolates between a one-meson state and vacuum only. That is,
cutting of any planar diagram at an arbitrary place, the only colour-singlet contractions
of quark and gluons one discovers are q¯q-mesons – there are no multi-particle, no glue, no
hybrid states at leading order in Nc. Thus, the spectral representation of 〈0|J(x)J(y)|0〉
is
〈0|J(x)J(y)|0〉 =
∑
n
〈0|J(x)|n〉 〈n|J(y)|0〉 =
∑
n
e−ipn(x−y) |〈0|J(0)|n〉|2 = O(Nc), (2.4)
where the sum runs over (continuous or discrete) single-meson states only. Since the inter-
midiate states doesn’t have any Nc-dependence, the scaling behaviour of 〈0|J(x)J(y)|0〉
is fully determined by |〈0|J(0)|n〉|2. From this we have for the amplitude to create a
meson from the vacuum
Zn = |〈0| J(0) |n〉|2 = O(Nc), (2.5)
and for the meson decay constant
fn ∼ 〈0| J(0) |n〉 = O(
√
Nc). (2.6)
The Nc behaviour of the scattering amplitude of n mesons mi (i = 1, . . . , n) can be
deduced from the LSZ reduction formula:
Mm1...mk→mk+1...mn ∼
1
(
√
Z)n
〈0| T J(x1) . . . J(xn) |0〉 ∼ 1√
Nc
n Nc = N
1−n/2
c , (2.7)
where the factor Nc stems from the quark loop of the n-point function (see Figure 2.3(b)).
To derive the Nc-counting for graphs with baryons, consider first the meson-quark cou-
pling. The leading diagram is shown in Figure 2.4(a). This vertex scales as 1/
√
Nc. To
build a baryonic state one needs to combine Nc quarks with the help of the SU(N) ε-
tensor into a colourless antisymmetric state. So, the generalisation for the meson-baryon
vertex is simple:
meson-baryon vertex ∼ 1√
Nc
Nc =
√
Nc. (2.8)
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(a) Two-point function (b) n-point function
Figure 2.3.: A meson-meson correlation functions.
(a) single quark (b) Nc quarks
Figure 2.4.: Quark-meson and baryon-meson vertices.
Multiplication with Nc in (2.8) reflects the freedom of choice of one of the Nc quarks in
the baryon (Figure 2.4(b)).
Similar to the meson-meson scattering, the correspondingNc-scaling for the meson-baryon
scattering amplitude is read off
MBm1...mk→B′mk+1...mn ∼
1
(
√
Z)n
〈B′| T J(x1) . . . J(xn) |B〉 ∼ 1√
Nc
n Nc = N
1−n/2
c . (2.9)
Again, we have a factor 1/
√
Nc for each creation/absorption of a meson and a factor Nc
for Nc possibilities to choose a quark line. Placing a pair of meson lines on two different
quark lines would rise the combinatorial factor to Nc (Nc − 1) but would also require an
additional gluon exchange, which brings in a factor 1/Nc. Also in this case the overall
scaling of the amplitude is given by (2.9).
2.3. Baryons in 1/Nc-expansion
The diagrammatic study of the baryons in the 1/Nc expansion is complicated by the fact,
that one needs to take Nc quark lines into account which lead to combinatorial factors. In
[95] Witten splitted the problem of describing the properties of baryons in two parts, first
to determine the interaction of quarks in large-Nc limit by using graphical/combinatorial
methods, and then to use this interaction together with the many-body techniques applied
to Nc-body states. The n-quark interaction is O(N1−nc ) and the baryon mass is O(Nc).
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This is reminiscent of the soliton behaviour in non-linear theories. Witten suggested to
identify the baryons in the large-Nc limit with the solitons of the Skyrme model. The
results obtained in [95] are based on the Hartree-approximation, which become exact in
the case of infinite densities and of vanishing interparticle interactions.
In the following we want to introduce an algebraic approach, where the study of baryons
is lead back to the study of spin and flavour properties of baryons in the large-Nc limit by
means of (auxiliary) spin-flavour quark operators describing static quarks. These static
quark operators are similar to those used used in nonrelativistic constituent quark models
and are closely connected to the quark-gluon dynamics of QCD. Furthermore, the expan-
sion of baryon properties in inverse powers of Nc is related to the diagrammatic expansion
of matrix elements of various current quark operators in the interaction picture. This
algebraic approach allows also to study baryons for finite values of Nc systematically.
2.3.1. Matrix elements of baryon operators
This section is mainly based on the work of Luty and March-Russell in [63]. We refer to
the original work for some of the subtleties omitted here.
The main idea behind the approach of [63] is based on the description of the ground state
baryons in terms of localised quarks. Quarks are put in a coordinate dependent scalar
potential wall. The average field seen by every quark is constructed in such a way as
to make localised quark states possible. This can be achieved by introducing a position
dependent quark mass matrix Mq(|~x|). The full QCD Hamilton operator, H, may be
split into a mean-field part, H0, and the interaction part, V :
HQCD = H0 + V, (2.10)
without changing the structure of H. This procedure, which should be regarded just
as a mathematical trick, reorganises the perturbative expansion and helps to study the
structure of matrix elements in the large-Nc limit.
The “free” field operator, ψI(t, ~x), describing quarks in the mean scalar field, can be
expanded in the energy eigenmodes of the H0 as follows:
ψI(t, ~x) =
∞∑
n=0
2∑
a=1
(
un, a(~x) e
−iEnt bn,a + vn,a(~x) e+iEnt d†n,a
)
. (2.11)
Here, bn, a destroys a quark in the nth mode with the spin quantum number a and d
†
n,a
creates an anti-quark with the quantum numbers n and a. En is the corresponding energy
eigenvalue. The objects of main interest are the baryonic ground states which are the
lowest colour-neutral eigenstates of the Hamilton operator H0 in (2.10),
|B0〉 = Bα1a1...αNcaNcεA1...ANc b†0, α1a1A1 · · · b†0, αNcaNcANc |0〉, (2.12)
with the spin indices αi = 1, 2, the flavour indices ai = 1, . . . NF and with the colour
indices Ai = 1, . . . Nc. The colour structure of these baryonic states is completely fur-
nished by the antisymmetric tensor ε, whereas the “wave function” B specifies the spin
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and the flavour quantum numbers. The state |B0〉 is a tensor product of Nc one-quark
states, created by the quark creation operators b†0, αaA acting on the ground state of H0,
|0〉. It is always possible to adjust the scalar mean field discussed above in such a way as
to make the lightest mode component describing a quark state localised on the scale of
typical hadron size.
The interacting quark field operator in the Heisenber picture is connected to its repre-
sentation in the interaction picture in (2.11) by a unitary transformation3:
ψ(t, ~x) = U †(t)ψI(t, ~x)U(t), U(t) = e+iH0te−iHt = T exp
[
−i
∫ t
0
dt′ VI(t′)
]
, (2.13)
with VI(t) = e
iH0t V e−iHt. The states |B0〉 evolve to the eigenstates of the full Hamilto-
nian, |B〉, with the energy EB according to
e−iHt|B0〉 = |B〉〈B|B0〉e−iEBt + . . . . (2.14)
The omitted terms, denoted by ellipses, are exponentially suppressed for t→∞(1− iε).
The states |B〉 still have the quantum numbers of the states |B0〉, in particular the baryon
number one, and are the ground states of H. These states are identified with the one-
baryon states. All the other states with the same quantum numbers as |B0〉 (additional
inclusion of colour-flavour singlet mesonic, gluonic and exotic degrees of freedom) would
result in higher energy states.
With the help of (2.14) the calculation of the matrix elements of arbitrary Heisenberg
quark operators Oˆi(xi) (or products of them) involving the states |B〉 can be reduced to
the calculation using the ground states of the unperturbed Hamiltonian and the corre-
sponding operators in the interaction picture, OI i(xi):
〈B′|T Oˆ1(x1) . . . Oˆn(xn)|B〉 = 〈B
′
0| OˆI 1(x1) . . . OˆI n(xn)UI |B0〉
〈B′0|UI |B′0〉1/2 〈B0|UI |B0〉1/2
,
U(−T ) |B〉 = |B0〉〈B0|UI |B0〉1/2 + · · · , UI = T exp
[
−i
∫ +T
−T
dt′ VI(t′)
]
, (2.15)
for sufficiently large T and t1, . . . tn lying in the interval (−T , T ). This formula resembles
the result of the Gell-Man-Low theorem for vacuum field theories. Here, the state |B0〉
plays the same role as the unperturbed vacuum state of a free field theory. The denomi-
nator serves to cancel the phase factors in (2.14).
As in vacuum field theory, the r.h.s. of this exact relation can be calculated in a per-
turbative way by using a small adaptation of Feynman rules. The time ordered product
is written as a sum of all contractions and products of normal ordered operators. The
3Connection to the familiar textbook representation on quantum field theory is clear. In the LSZ
formalism the transition to the interacting fields is done starting from the asymptotic free fields. These
in- and out-fields are given by the plane wave solutions of the equation of motion corresponding to the
free Hamilton operator of the theory. Here, the role of the asymptotic fields is taken over by the fields
in (2.11) and the transition to the full interacting fields is done with respect to V in (2.10).
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+ +
(a) Expansion in terms of quark-gluon vertices
+ +
(b) Expansion in terms of effective vertices
Figure 2.5.: Diagrammatic representation of the matrix elements of an one-body operator
in (2.15).
+ += +
Figure 2.6.: Diagrammatic representation of a two-body operator.
denominator in (2.15) cancels those terms in the expansion, where all the operators are
contracted4. In contrast to the vacuum case, normal ordered products can also contribute,
because the operators are evaluated between non-vacuum states. Upon normal ordering,
only the ground state modes in (2.11) can contribute if evaluated between the baryon
ground states in (2.12). These contributions are represented diagrammatically by Nc in-
and out-going dashed lines. In contrast to them, the fermion contractions {ψI(x), ψ¯I(y)}
at the inner lines contain contributions from all modes in (2.11) and are represented by
solid lines.
Although it is not clear, whether the expansion in the strong coupling gs in (2.15) con-
verges or not, it is still possible to determine the relevant contributions in the large-Nc
limit. The diagrammatic expansion of the r.h.s. of (2.15) is shown in Figure 2.5(a) for a
single quark operator Oˆ(x) = ψ¯(x)Γψ(x) with an arbitrary Dirac flavour matrix Γ. The
insertion of OˆI(x) on a quark line and additional gluon exchanges, connecting several
dashed quark lines, can be thought of as being “effective vertices”. Such building blocks,
consisting of r 0th-mode quark creation and annihilation operators, are called r-body
operators and are denoted in the following by Oˆ(r).
The expansion in terms of such effective operators is indicated in Figure 2.5(b). A
two-body operator connects two dashed quark lines and is generated by insertion of an
one-body operator and at least one additional gluon exchange (see Figure 2.6). Similar,
a three-body operator connects three lines and is generated by insertion of an one-body
operator and at least two gluon exchanges, connecting two different quark lines and so
4This statement is not so obvious as in the vacuum case, where all the vacuum diagrams exponentiate
and are canceled by the corresponding denominator in (2.15). See [63] for details.
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on.
In general, the sum of all diagrams representing the r.h.s. of (2.15) can be written as a
sum over r-body operators, evaluated between baryon states:
〈B′| T Oˆ1(x1) . . . Oˆn(xn) |B〉 =
∑
l
Nc∑
r=1
clr(x1, . . . , xn) 〈B′0|Oˆ(r)l |B0〉. (2.16)
Here, the first summation is done over all r-body operators. Since a baryon consists of Nc
quarks, this sum terminates at r = Nc. In the most cases of interest, the Heisenberg quark
operators are colourless. Thus, the operators on the both sides of (2.16) are specified by
spin and flavour indices only and transform according to some irreducible representation
of the flavour symmetry group and of the group of spatial rotations in the baryon rest
frame, SU(NF ) ⊗ SU(2). Given r, the summation over all possible representations l is
done. The Nc-scaling of the unknown functions c
l
r, which parametrise the complicated
structure of quark-gluon diagrams, is given by
clr ∼
1
N r−1+Lc
, (2.17)
where L is the minimal number of quark loops in the diagrams contributing to the matrix
elements. The factor 1/N r−1c , which accompanies each r-body operator in the expansion
in (2.16) is due to the fact that one needs at least r − 1 gluon exchanges on the quark-
gluon-level to generate an r-body operator as illustrated in Figure (2.5). Furthermore, the
factor 1/NLc accounts for the already mentioned suppression of quark loops on the inner
lines. Contribution of an r-body operator, when evaluated on the different quark lines,
can cancel each other. Thus, (2.17) provides an upper bound for the scaling behaviour
of the coefficient functions.
Clearly, the spin-flavour structure on both sides in (2.16) should match. Depending on
the particular features of the matrix elements under consideration, the coefficients clr
can also carry open Lorentz indices and transform under some representation of SU(2).
In this case the spin-flavour structure of the operators Oˆ(r)l alone doesn’t match to the
structure of the product of operators on the l.h.s. of (2.16).
In dealing with colourless operators acting on colourless baryonic states, the colour indices
may be omitted5. This helps to simplify the calculation of the matrix elements of the
effective operators. Since a multiparticle fermionic state in (2.12) is antisymmetric with
respect to the interchange of two particles, omitting of the colour indices results in a
totally symmetric spin-flavour state. The Fock space of such states is created with the
help of creation and annihilation operators, which keep track of spin and flavour indices
only. These operators, denoted by q†αa and q
αa, obey the bosonic commutator algebra:
[qαa, q†βb] = δ
α
β δ
a
b , [q
αa, qβb] = [q†αa, q
†
βb] = 0. (2.18)
It is useful to introduce the round bracket notation in order to distinguish the states in
the spin-flavour Fock space from the states defined in (2.12). A spin-flavour state with
5For a more precise description of this statement see Appendix E.
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baryon quantum numbers is then given by
|B) = Bα1a1...αNcaNc q†α1a1 . . . q†αNcaNc |0), (2.19)
|0) being the vacuum state of the spin-flavour Fock space. Upon the replacement6
b†0, αaA → q†αa, b0, αaA → qαa, |·〉 → |·), Oˆ(r) → O(r), (2.20)
the expansion for the matrix elements in (2.16) can be given in an analogous form:
〈B′|T Oˆ1(x1) . . . Oˆn(xn)|B〉 =
∑
l
Nc∑
r=1
clr(x1, . . . , xn) (B′|O(rl)l |B), (2.21)
with the normal-ordered operators
O(r) = q†β1b1 . . . q†βrbrO
(β1b1)...(βrbr)
(α1a1)...(αrar)
qα1a1 . . . qαrar . (2.22)
Here, O(β1b1)...(βrbr)(α1a1)...(αrar) are the matrix elements of the new introduced operators O(r), which
act in the spin-flavour space only. Using this result, the evaluation of matrix elements
of arbitrary QCD operators simplifies to the calculation of matrix elements of effective
spin-flavour operators — a procedure familiar from the non-relativistic quark models.
The price for this simplification is the introduction of unknown functions clr.
• • •
We proceed with the discussion of the expansion in terms of the effective operators. Given
a QCD Heisenberg operator with certain spin-flavour transformation properties, one has
to determine a minimal set of linear independent effective r-body operators. Having
stated the transformation properties of the unknown coefficients clr, this amounts to the
determination of all possible spin-flavour tensors O(β1b1)...(βrbr)(α1a1)...(αrar) in (2.22) with appropriate
spin-flavour transformation properties. These tensors must be traceless and symmetric.
A non-traceless tensor would correspond to a lower-body operator. An antisymmetric (or
partially symmetric) tensor would vanish if evaluated on the totally symmetric baryonic
states in the spin-flavour Fock space.
Another possibility to specify the effective operators is to express all r-body operators as
a product of r one-body operators, whose matrix elements can be evaluated more easily
than the matrix elements of (2.22):
O(r) = O(1)1 O(1)2 . . .O(1)r . (2.23)
The one-body operators are most easily classified according to the different representation
of the spin and flavour symmetry groups. The operator basis is furnished by the following
set of one-body operators:
1 = q†(1⊗ 1)q, J i = q†
(σ(i)
2
⊗ 1
)
q,
T a = q†
(
1⊗ λ
(a)
2
)
q, Gia = q†
(σ(i)
2
⊗ λ
(a)
2
)
q, (2.24)
6It is also possible to discuss the anti-quarks in a similar manner. This makes an introduction of
spin-flavour creation and annihilation operators for the anti-quarks necessary and can be used to study
the physics of exotic baryons in the large-Nc limit (see e. g. [53]).
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1 stands here for the corresponding identity matrices in spin and flavour spaces. An
r-body operator can be written in this basis as a sum over all independent polynomials
in the one-body operators:
O(r) =
∑
m,n
cnm (J)
m (T )n (G)r−m−n, m, n ∈ N, (2.25)
with some coefficients cnm, which needn’t be specified further here. For such products of r
one-body operators it is not guaranteed any more, that they correspond to r-body normal
ordered operators in (2.22), which transform under some irreducible representation of the
spin-flavour symmetry group. Viz., such products can contain lower-body contributions
or can build tensors, which are reducible7.
Upon normal ordering and using the bosonic commutator relation for the spin-flavour
quark operators, this is easily demonstrated by means of two simple examples:
4 J iT a = q†β1b1
(
σ(i)
)β1
α1
qα1b1 q†β2b2
(
λ(a)
)b2
a2
qβ2a2
= 4Gia + q†β1b1q
†
β2b2
O(β1b1) (β2b2)(α1a1) (α2a2)qα1a1qα2a2 , (2.26)
with
O(β1b1) (β2b2)(α1a1) (α2a2) =
(
σ(i)
)β1
α1
δb1a1 δ
β2
α2
(
λ(a)
)b2
a2
, (2.27)
and
4T aT b = q†β1b1
(
λ(a)
)b1
a1
qβ1a1 q†β2b2
(
λ(b)
)b2
a2
qβ2a2
= 4q†
(
λ(a)λ(b)
)
q + q†β1b1q
†
β2b2
O(β1b1) (β2b2)(α1a1) (α2a2)qα1a1qα2a2 , (2.28)
with
O(β1b1) (β2b2)(α1a1) (α2a2) = δβ1α1
(
λ(a)
)b1
a1
δβ2α2
(
λ(b)
)b2
a2
. (2.29)
Both of these products of two one-body operators, J iT a and T aT b, contain upon nor-
mal ordering non-traceless components, which lead to the pure one-body operators. The
products of two lambda-matrices in T aT b are further reducible.
Furthermore, certain combinations of products of one-body operators do not represent
a totally symmetric operators upon normal-ordering and vanish therefore, when acting
on the baryon states. Since only genuine symmetric r-body operators are needed in the
expansion in (2.21), such redundant or vanishing products/combinations must be elimi-
nated. This is done by means of a set of operator identities, which are the main topic of
the next section.
An one-body operator can be inserted on any of the Nc quark lines in the baryon – the
matrix elements of an one-body operator are of the order Nc. Generalizing this result,
7These two cases correspond to tensors O(β1b1)...(βrbr)(α1a1)...(αrar) in (2.25) which are not trace-less or are
reducible, respectively.
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the matrix elements of an r-body scale like N rc .
8 Therefore, despite the explicit factor
1/N r−1c in (2.21), all possible r-body operators O(r) appear to be of equal importance.
Since the evaluation of an infinite number of operators pose an intractable problem, the
benefit of such an expansion is questionable at the first sight.
Building baryons out of Nc quark leads inevitably to spin-flavour multiplets, which do
not exist in the physical case of Nc = 3 (see e.g.[56, 21]). The ambiguity in the selection
of a tower of baryon states, which is bound to the physical states for Nc = 3, is the way
out of this problem. At this point it is not necessary to specify such a tower explicitly. It
is only sufficient to notice, that the possible large-Nc baryon states can be restricted to
those states, for which the matrix elements of J are O(N0c ) for all values of Nc and which
collapse to the physical baryons for Nc = 3. On the other hand, the insertions of the
other one-body operators, T and G, add coherently. Matrix elements of these operators
confirm the naive expectation for a one-body operator and scale like Nc. I.e.
(B′|J i|B) ∼ N0c , (B′|T a|B) ∼ Nc, (B′|Gia|B) ∼ Nc. (2.30)
In this case, each occurrence of J is suppressed by a factor of 1/Nc. This allows to
terminate the expansion in (2.21) at a finite number of terms for each order in 1/Nc.
2.3.2. Operator identities
The classification of the minimal set of independent operators with given transformation
properties in the expansion (2.21) is a group-theoretical problem. As already mentioned,
doing the expansion in terms of normal ordered operators asks for finding all tensor
structures O(β1b1)...(βrbr)(α1a1)...(αrar) in (2.22) that transform under some irreducible representation
of SU(2)⊗ SU(NF ). On the other hand, using products of one-body operators in (2.23)
leads to a more straightforward evaluation of the matrix elements but requires elimina-
tion of irrelevant or vanishing parts in such products or combination of them. This is
done by a set of operator identities derived in [22]. Main results of the cited work are
summarised in this section, whereas the main steps which has to be done in the course
of derivation of these identities are sketched in Appendix G. The expansion in (2.21) is
valid for an arbitrary number of flavours. For the sake of straight notation, the rest of
this work will be limited to the case of only interest, NF = 3.
The only relevant operator identities are those which relate products of two one-body
operators to one-body and zero-body operators9. Identities for all products of r one-
body operators with r > 2 are obtained by recursively applying the two-body identities
on all pairs of one-body operators.
Furthermore, for the physical case Nc = 3 one can stop the expansion at products which
contain three one-body operators at most. Normal ordering of such products with r > 3
8There are Nc possibilities to choose the first line, Nc − 1 possibilities for the second line a.s.o. So
the overall factor is Nc(Nc − 1) . . . (Nc − r − 1) ∼ Nrc . This result can also be easily read off (2.25).
9There is also a trivial identity relating the one-body operator 1 to the zero-body operator: 1 = Nc.
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one-body operators results in three- and/or lower-body operators and in operators with
r > 3 quark-creation and annihilation operators on the left and on the right hand sides.
The later vanish if acting on the baryon states in (2.19) for Nc = 3.
The operators introduced in (2.24) obey the Lie-algebra of the group SU(6)10:
[J i, J j] = iεijk Jk, [T a, T b] = ifabc T c, [J i, T a] = 0,
[J i, Gja] = iεijkGka, [T a, Gib] = ifabcGic,
[Gia, Gjb] =
i
4
δij fabc T c +
i
6
δab εijk Jk +
i
2
εijk dabcGkc. (2.31)
A product of two one-body operators can always be written as a sum of an antisymmetric
and a symmetric product using a commutator or an anticommutator, respectively. Since
the commutator of two one-body operators can always be eliminated (reduced to a one-
body operator) by using the commutator relations in (2.31), only symmetric products
need to be taken into account.
Operators, similar to the vectors in the carrier space where they are acting, can be
lumped in sets, that transform under different irreducible representations of the symmetry
group. Usually, a product of two one-body operators contains several components that
transform according to different irreducible representations of SU(2) ⊗ SU(3). Not all
of these components in the product are independent among each other. Furthermore,
many of them can be reduced to one-body operators or vanish when acting on the totally
symmetric spin-flavour baryon states.
In total, there are 22 different components in the symmetric products of J , T and G
operators. Careful analysis of these components, sketched in Appendix G, leads to 12
relations between them. These operator identities, given in Table G.1, reduce the number
of independent components to ten. Obviously, the decision about what subset of these
components to promote to be “relevant” is not unique. The operator identities allow to
select a certain subset of relevant operators in such a way that the following mnemonic
operation reduction rule for all the redundant parts can be formulated:
• All operator products in which two flavour indices are contracted using δab, fabc or
dabc or two spin indices on G’s are contracted using δij or ijk can be eliminated
with the help of the operator identities.
• All operator products in which two flavour indices are contracted using symmetric or
antisymmetric combinations of two different d and/or f symbols (dacgdbch±dacgdach,
etc.) can be rewritten with the help of several identities of d and f in (G.24) and
can be eliminated afterwards with the help of the operator identities. The only
exception to this rule is the antisymmetric combination facgdbch − f bcgdach.
10In [43, 48] the representations of the symmetry group of the meson-baryon interaction in large-Nc
limit are shown to follow from contraction of SU(2NF ). It is argued, that for case of NF = 3 the
symmetry group SU(6), taken for granted in the nonrelativistic quark models, is just a consequence
of the physics in large-Nc limit. The generators of the spin-flavour group and its subgroups, G, J, T ,
are introduced and the matrix elements of QCD operators are written as a function of matrix elements
of these generators. This leads to an expression similar to (2.21) [22]. In the approach advocated in
[63], these operators arise simply as a tool for classifying the spin- and flavour properties of quark-gluon
diagrams. Regardless of the chosen approach, the operators obey the su(6) Lie-algebra.
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To see the operator reduction rule at work, we show explicitly how all the redundant
combinations in the products of two one-body operators can be rewritten. It holds:
{T a, T a} = 1
6
(Nc + 6)1+ {Jk, Jk},
dabc {T a, T b} = −1
3
(Nc + 3)T
c,
{T a, Gia} = 2
3
(Nc + 3) J
i,
dabc{T a, Gib} = 1
3
(Nc + 3)G
ic +
1
6
{J i, T c},
fabc{T a, Gib} = εijk {J j, Gkc},
{Gia, Gja} = 1
8
δij
(
(Nc + 6)1− 2 {Jk, Jk}
)
+
1
3
{J i, J j},
dabc{Gia, Gjb} = 1
3
δij
(4
3
(Nc + 3)T
c − 3
2
{Jk, Gkc}
)
+
1
6
({J i, Gjc}+ {J j, Gic}) ,
{Gka, Gkb} = 1
24
δab
(
(Nc + 6)1− 2 {Jk, Jk}
)
+
1
2
dabc
(
(Nc + 3)T
c − 2 {Jk, Gkc})+ 1
4
{T a, T b},
εijk{Gja, Gkb} = 1
2
fabc
(− (Nc + 3)Gic + 1
6
{J i, T c})
+
1
2
(
facgdbch − f bcgdach) {T g, Gih}. (2.32)
Note the application of the 2nd part of the reduction rule in the last line. The decom-
position of all symmetric products of two one-body operators into different irreducible
parts and elimination of the redundant parts by means of the operator identities is given
at the end of Appendix G. The expessions in (2.32) follow directly from that analysis
and prove, together with the SU(3) relations for the f - and d-symbols
dagc dbhc + dahc dbgc =
1
3
(
δab δgh + δag δbh + δah δbg
)− dabc dghc,
dagc dbhc − dahc dbgc = fabc fghc − 2
3
(
δag δbh − δah δbg
)
,
fagc fbhc + fahc fbgc = δab δgh − δag δbh − δah δbg + 3 dabc dghc,
fagc fbhc − fahc fbgc = fabc fghc,
fagc dbhc + fahc dbgc = fabc dghc, (2.33)
the two reduction rules stated above.
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2.4. Chiral Lagrangian in the large-Nc limit
As it was shown in the previous section of this chapter, a systematic 1/Nc-expansion of
the physical properties of baryons, which are closely connected to various matrix elements
of quark operators, can be carried out with the help of effective spin-flavour quark oper-
ators. On the other hand, an effective Lagrangian, which exploits the symmetries of the
underlying theory, provides a convenient method to determine the low-energy behaviour
of such matrix elements. The connection between both, the low-energy and the 1/Nc
expansions, is established by evaluating the matrix elements of quark operators under
consideration in both approaches and by matching the corresponding spin and flavour
structures.
The low energy expansion is parameterised by coupling constants in the chiral Lagrangian
introduced in Section 1.4. The 1/Nc-expansion is accompanied by the unknown “Nc-
couplings” clr in (2.21). Given the number of Nc-couplings smaller then the number
of chiral couplings, such a matching furnish a set of large-Nc constraints for the chiral
parameters.
We summarise the steps. Given a quark operator, the expansion in small momenta and
small quark masses of the baryonic matrix elements is evaluated by taking appropriate
functional derivatives of the transition amplitude F(~p ′, ~p; v, a, s, p) in (1.21) with respect
to external fields. The large-Nc expansion is obtained by evaluating matrix elements
of spin-flavour quark operators as in (2.23). In the course of the later expansion, the
operator reduction rule is used to determine the relevant products of the effective quark
operators11. These operators act in the space of baryon spin-flavour states, |B). The
spin-flavour states of interest in this work are members of the flavour SU(3) octet and
decuplet multiplets and are denoted in the following by
|a, χ) , and |ijk, χ〉. (2.34)
Here, the spin-polarization index takes the values χ = 1, 2 for the spin-1/2 baryons of the
octet and χ = 1, · · · , 4 for the spin-3/2 baryons of the decuplet and the flavour indices
are a = 1, · · · , 8 and i, j, k = 1, 2, 3, respectively. The construction of these spin-flavour
states and the evaluation of one- and two-body operators, taken between these states, are
discussed in Appendices D and E in detail. The action of the one-body quark operators
on these states can be given in a transparent form (see also [64]):
Ji |a, χ) = 1
2
σ
(i)
χ¯χ |a, χ¯),
T a |b, χ) = i fbca |c, χ),
Gai |b, χ) = σ(i)χ¯χ
(1
2
dbca +
i
3
fbca
)
|c, χ¯) + 1
2
√
2
S
(i)
χ¯χ Λ
klm
ab |klm, χ¯),
Ji |klm, χ) = 3
2
(
~S σi ~S
†
)
χ¯χ
|klm, χ¯),
11See also Table G.2 and the discussion in Appendix G.
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T-odd T-even P-odd P-even
Ji G
a
i T
a - Ji G
a
i Ta
fabc δab dabc fabc δab dabc
Table 2.1.: Transformation properties of the objects used in the effective expansion in
(2.21) under parity and time reversal.
T a |klm, χ) = 3
2
Λa,nopklm |nop, χ),
Gai |klm, χ) =
3
4
(
~S σi ~S
†
)
χ¯χ
Λa,nopklm |nop, χ¯) +
1
2
√
2
(
S†i
)
χ¯χ
Λabklm |b, χ¯), (2.35)
with the spin-transition matrices σ, S (see Appendix F) and the flavour transition tensors
Λ introduced in (1.51).
Furthermore, the expansion in terms of the effective operators has to obey the proper
behavior under the discrete transformations of the Heisenberg quark operator under con-
sideration. This can be fulfilled with the help of Table 2.1 summarising the transformation
properties of the objects used in the 1/Nc-expansion.
In the following three sections the matching of both expansions is carried out for the
baryon masses, for the matrix elements of the axial vector and for a product of two axial
vector quark currents. The analysis is limited to the tree level results in the low-energy
expansion obtained in Section 1.4.
2.4.1. Baryon masses
There is an extensive treatment of the baryon masses in the literature done in the frame-
work of the 1/Nc-expansion [22, 50, 7, 70]. In this section a connection between the mass
pattern, as implied by this expansion, and the perturbative chiral expansion for baryon
masses, as implied by the symmetry breaking part of the chiral Lagrangian, is established.
Baryon masses are obtained by evaluating the matrix elements of the QCD-Hamiltonian.
In the limit of exact SU(3) symmetry this QCD-operator transforms as a singlet in the
spin and in the flavour spaces. Therefore, the expansion in the basis of the effective
operators is given to the leading and sub-leading order by
MB = (B| c(0,1)1 1+ c(0,1)2 J2 |B). (2.36)
Matrix elements of the first operator scale like ∼ Nc. This reflects the fact, that the
baryons consist of Nc quarks. The parameter c
(0,1)
1 can be regarded as the mass unit per
color degree of freedom. In the limit Nc →∞ the baryon states are degenerate. The first
correction to this degeneracy is provided by the matrix elements of the J2 operator which
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∆M = O(1)
∆M = O(1/Nc)
∆M = O(Nc)
6
?
?
6
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?
Figure 2.7.: The baryon mass spectrum as implied by the expansion in (2.36) and the
mass splitting in (2.37) for different regions. The top and the bottom of the
tower denote baryons with j = N/2 and j = 1/2, respectively.
is responsible for the mass splitting between multiplets of different spin. It holds:
MJ −MJ ′ ∼ 1
Nc
(j(j + 1)− j′(j′ + 1)) . (2.37)
Nc spin-1/2 quarks can be coupled to a baryon with a total spin ranging from j = 1/2 to
j = Nc/2. Concerning the spin-structure only, the baryon tower can be represented as in
Figure 2.7. The expansion in terms of effective operators in (2.21) is only meaningful for
the baryons at the bottom of this tower, where the matrix elements of the spin-operator
J are suppressed relative to other operators. This was already discussed an the end of
the Section 2.3.1.
For the physical baryons it is known, that the SU(3) flavour symmetry is not exact. It
is possible to study the mass spectrum by combining the effects of the flavour symmetry
breaking with the 1/Nc expansion. Mass relations which follow from such a combined
expansion go beyond the relations, which can be obtained from the study of the breaking
of the flavour SU(3)-symmetry or the combined spin-flavour SU(6)-symmetry only.
For three quark flavours, the breaking of the SU(3) symmetry is taken into account in
QCD-Lagrangian by the quark mass matrix with ms 6= m12:
diag(m,m,ms) =
1
3
(2m+ms)13×3 +
1√
3
(m−ms)λ(8)
≡ 1
3
M13×3 +
1√
3
ε λ(8). (2.38)
The parameters M and ε introduced in the last line control the strength of the SU(3)
flavour symmetry and its breaking. It holds:
M = 2m+ms, ε = m−ms, or m = (M + ε)/3, ms = (M − 2ε)/3. (2.39)
The quark mass matrix transforms as (1 ⊕ 8) in the flavour space. The deviation from
the exact SU(3) symmetry transforms as the eighth component of the flavour octet.
12Exact isospin-symmetry m = mu = md is assumed here.
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Therefore, the combined expansion in 1/Nc and ε for the baryon masses is obtained by
adding all possible (0,8) spin-flavour operators to (2.36) and setting the open flavour
index to 8. To the first order in the flavour symmetry breaking, the {J i, Gi8} operator
provides the first 1/Nc-correction to the leadig operator T
8:
MB = (B| c(0,1)1 1+ c(0,1)2 J2 + ε c(0,8)1 T 8 + ε c(0,8)2 {J i, Gi8} |B). (2.40)
At second order in ε, the perturbation transforms as (1 ⊕ 8) ⊗ (1 ⊕ 8) in the flavour
space. From the decomposition of 8 ⊗ 8 it follows, that additional to the singlet and
octet operators in (2.40) one needs to consider (10 + 1¯0)- and 27-operators with the
open flavour indices set to 8. The first one vanishes and there is only one additional
operator {T 8, T 8}13:
MB = (B| c(0,1)1 1+ c(0,1)2 J2 + ε c(0,8)1 T 8 + ε c(0,8)2 {J i, Gi8}+ ε2 c(0,27)2 {T 8, T 8} |B). (2.41)
Here, the subtraction terms in the {T 8, T 8}-operator projecting onto the pure 27-component,
were not written out since they can be completely absorbed in the terms already included
in (2.41).
For the sake of completeness, the expansion of the baryon masses, according to (2.41), is
given here for the octet and for the decuplet baryons:
MN = c
(0,1)
1 +
3
4
c
(0,1)
2 +
√
3
2
ε c
(0,8)
1 +
√
3
4
ε c
(0,8)
2 +
3
2
ε2 c
(0,27)
2 ,
MΛ = c
(0,1)
1 +
3
4
c
(0,1)
2 −
√
3
2
ε c
(0,8)
2 ,
MΣ = c
(0,1)
1 +
3
4
c
(0,1)
2 +
√
3
2
ε c
(0,8)
2 ,
MΞ = c
(0,1)
1 +
3
4
c
(0,1)
2 −
√
3
2
ε c
(0,8)
1 −
3
√
3
4
ε c
(0,8)
2 +
3
2
ε2 c
(0,27)
2 ,
M∆ = c
(0,1)
1 +
15
4
c
(0,1)
2 +
√
3
2
ε c
(0,8)
1 +
5
√
3
4
ε c
(0,8)
2 +
3
2
ε2 c
(0,27)
2 ,
MΣ = c
(0,1)
1 +
15
4
c
(0,1)
2 ,
MΞ = c
(0,1)
1 +
15
4
c
(0,1)
2 −
√
3
2
ε c
(0,8)
1 −
5
√
3
4
ε c
(0,8)
2 +
3
2
ε2 c
(0,27)
2 ,
MΩ = c
(0,1)
1 +
15
4
c
(0,1)
2 −
√
3ε c
(0,8)
1 −
5
√
3
2
ε c
(0,8)
2 + 6 ε
2 c
(0,27)
2 . (2.42)
We discuss the relation between various baryon masses, as implied by (2.42), order by
order in the ε-expansion. The meaning of c
(0,1)
1 and c
(0,1)
2 was already discussed above.
To the first order in the ε-expansion, eight baryon masses are given as a function of four
13The operator d88cT c doesn’t need to be considered explicitly because of d88cT c = d888T 8 = − 1√
3
T 8,
which is already included in (2.40).
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unknown coefficients. This results in four linearly independent mass relations:
3
4
MΛ +
1
4
MΣ − 1
2
(MN +MΞ) = 0,
MΣ[10] −M∆ = MΞ[10] −MΣ[10] ,
MΩ −MΞ[10] = MΞ[10] −MΣ[10] ,
MΣ[10] −MΣ = MΞ[10] −MΞ. (2.43)
The first line is the Gell-Mann-Okubo relation, the following two are the decuplet equal
spacing rules. These relations also follow from the pure SU(3)-analysis. The last identity
relates masses of different flavour multiplets to each other and is a consequence of the
first 1/Nc-correction that was taken into account in (2.40) by the {J i, Gi8}-operator.
Up to the second order in ε the baryon masses are parameterised by 5 unknown co-
efficients in (2.41). Relations between the masses resulting from this parameterisation
are:
3
4
MΛ +
1
4
MΣ − 1
2
(MN +MΞ) =
1
4
((MΣ10 −M∆)− (MΩ −MΞ10)) ,
(MΩ −MΞ10)− 2(MΞ[10] −MΣ[10]) + (MΣ10 −M∆) = 0,
MΣ[10] −MΣ = MΞ[10] −MΞ. (2.44)
The right hand side of the first identity, a linear combination of two decuplet equal spac-
ing rules, provides a correction to the Gell-Mann-Okubo relation. The second identity is
also a linear combination of decuplet equal spacing rules. The last identity was already
obtained in (2.43).
Mass relations in (2.43) and (2.44) were obtained by considering the SU(3) flavour sym-
metry breaking perturbatively. Similar analysis can also be performed without assuming
the SU(3) symmetry at all and treating only the breaking of the isospin symmetry pertur-
batively. The flavour symmetry group to use in this case is SU(2)×U(1). Mass relations
obtained by studying this symmetry group are valid to all orders in the SU(3) symmetry
breaking parameter ε. A detailed analysis of both scenarios shows that the perturbative
treatment of the symmetry breaking produce a better accuracy in mass relations com-
pared to the case of the completely broken SU(3) flavour symmetry [50]. Furthermore,
flavour expansion supplemented by the 1/Nc expansion, as it was done in this section,
leads to accurate relations, which are not available if one does these expansions sepa-
rately.
• • •
Guided by the success of the combined expansion in ε and in 1/Nc, the pattern of baryon
masses, as provided by such an expansion, is imposed in the following on the correspond-
ing parameters in the chiral Lagrangian. This is done by a straightforward matching of
the results for the baryon masses obtained in Section 1.4.3 to the corresponding expres-
sions in (2.42).
In the effective Lagrangian the role of the first contribution to the baryon masses from
c
(0,1)
1 and its spin-dependent c
(0,1)
2 -correction are taken over by the different baryon masses
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in the chiral limit –
◦
M [8] for the spin-1/2 baryons in the octet and
◦
M [10] for the spin-3/2
baryons in the decuplet. Furthermore, the explicit breaking of chiral symmetry and the
breaking of the SU(3) flavour symmetry in the chiral Lagrangian is taken into account
via the explicit occurrence of the quark mass matrix in χ0 = 2B0 diag(m,m,ms).
To the leading order in ε, the expansion in (2.40) corresponds to the mass shifts linear in
χ0. Matching of both results yields for the chiral couplings:
b0 = − 1
4B0M
(
c
(0,1)
1 +
3
4
c
(0,1)
2
)
+
√
3
8B0
c
(0,8)
2 ,
bD = − 3
√
3
16B0
c
(0,8)
2 , bF = −
√
3
8B0
(
c
(0,8)
1 + c
(0,8)
2
)
,
d0 = − 1
4B0M
(
c
(0,1)
1 +
15
4
c
(0,1)
2
)
+
√
3
16B0
(
2c
(0,8)
1 + 5c
(0,8)
2
)
,
dD = − 3
√
3
16B0
(
2c
(0,8)
1 + 5c
(0,8)
2
)
. (2.45)
In the chiral expansion of the baryon masses the parameters b0 and d0 renormalise the
values of the masses in the chiral limit,
◦
M8 and
◦
M10 respectively
14. The dependence of
these chiral parameters on c
(0,1)
1 and c
(0,1)
2 in (2.4.1) restates this fact.
As the result of the expressions in (2.4.1), the Q2 chiral symmetry breaking coupling
constants are subject to several large-Nc constraints. To the leading order in the 1/Nc-
expansion it holds:
bD = 0, d0 − 1
3
dD = b0, dD = 3bF . (2.46)
The sub-leading corrections to these results, taken into account by the J2 and {J i, Gi8}
operators in (2.41), lead to
dD = 3(bD + bF ). (2.47)
The Q4-contributions to the baryon masses provide the ε2-pattern of the explicit sym-
metry breaking. Matching of the corresponding mass shifts to the results in (2.42) leads
to
c0 =
3
8B20
c
(0,27)
2 , c1 =
3
4B20
c
(0,27)
2 , c2 = −
9
8B20
c
(0,27)
2 , c3 = 0,
c4 = − 3
√
3
16MB20
c
(0,8)
2 +
3
4B20
c
(0,27)
2 , c5 = −
√
3
8MB20
(c
(0,8)
1 + c
(0,8)
2 ),
c6 = − 1
4M2B20
(
c
(0,1)
1 +
3
4
c
(0,1)
2
)
+
√
3
8MB20
c
(0,8)
2 −
3
8B20
c
(0,27)
2 , (2.48)
14Such renormalization is inherent to the chiral perturbation theory and is not limited to the masses.
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and
e0 = 0, e1 =
9
4B20
c
(0,27)
2 , e2 = −
27
8B20
c
(0,27)
2 ,
e3 = − 3
√
3
16MB20
(2c
(0,8)
1 + 5c
(0,8)
2 ) +
9
4B20
c
(0,27)
2 ,
e4 = − 1
4M2B20
(
c
(0,1)
1 +
15
4
c
(0,1)
2
)
+
√
3
16MB20
(
2c
(0,8)
1 + 5c
(0,8)
2 )−
3
8B20
c
(0,27)
2 . (2.49)
The renormalization of the Q2 terms by the Q4 terms was already noted in (1.73). By
noting the dependence of the Q4 chiral couplings on ε0 and ε large-Nc parameters, we
recover this behaviour in (2.48) and (2.49).
Several relations between the Q4 chiral couplings can be established. To the leading order
in the 1/Nc-expansion they read
c1 = 2c0, c2 = −3c0, c3 = 0, c4 = 2c0,
e0 = 0, e1 = 6c0, e2 = −9c0, e3 = 3(2c0 + c5), e4 = c6 − c5. (2.50)
The 1/Nc corrected results are
c1 = 2c0, c2 = −3c0, c3 = 0,
e0 = 0, e1 = 6c0, e2 = −9c0, e3 = 3(c4 + c5). (2.51)
The discussion of the baryon masses is closed by an additional remark. Mass relations
which follow from (2.42) are independent of the actual values of the quark masses. There-
fore, the validness of the combined expansion in ε and in 1/Nc can be tested order by
order using the results of chiral extrapolations and of lattice-QCD calculations, carried
out at different quark masses. Such an analysis was recently carried out in [54].
2.4.2. Axial-vector-couplings
The leading order structure of the axial-vector quark currents, evaluated between baryon
states, in the low-energy expansion was discussed in Section 1.4.1. To investigate the
corresponding large-Nc operator expansion, we limit the discussion to the space compo-
nents. The axial-vector current Aia(x), (i = 1, 2, 3), transforms as (1,8) under the space
and flavour rotations. Doing the expansion in (2.21), vector indices can be distributed
between the unknown coefficients clr and the effective operators. Leading terms in the
momentum expansion of the matrix elements of an axial vector in (1.50) don’t show
any momentum dependence. Therefore, the unknown coefficients in the effective expan-
sion are taken to be independent of the baryon momenta, clr(p¯, p) = c
l
r, and the vector
properties are carried by the effective operators only.
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Using Table G.2, all the relevant (1,8)-operators are readily found. The leading terms
in the 1/Nc-expansion for the Fourier-transformed of (1.48) are:
〈p¯, χ¯| Aia(0) |~p, χ〉 = (χ¯| c(1,8)1 Gia + c(1,8)2 {J i, T a} |χ). (2.52)
In contrast to the operators in the above expansion, the third possible (1,8)-operator
εijk{J j, Gka} is even under time reversal. Since the axial vector current is T -odd, this
operator is not allowed in the 1/Nc expansion in (2.52). Further possible operators are
combinations of the operators given above and additional powers of J2. These operators
are suppressed by at least a factor of 1/N2c relative to the operators included above.
Additional subtle point is the discussion of the Nc scaling of the matrix elements, as was
mentioned at the end of the Section 2.3.1. The one-body operator Gia doesn’t scale like
Nc everywhere in the weight diagram for baryons consisting of Nc quarks. Therefore, the
two-body operator {J i, T a}, though explicitly suppressed in (2.52) by the factor 1/Nc,
needs to be retained for a consistent expansion.
To show the interplay between the 1/Nc- and the chiral expansions, the evaluation of
the corresponding matrix elements in both expansions is given in an explicit form in the
following. The large-Nc operator
Oia = c(1,8)1 Gia + c(1,8)2 {J i, T a} (2.53)
is evaluated between the baryon spin-flavour states |a, χ) and |ijk, χ). It holds:
(c, χ¯| Oia |b, χ) = σ(i)χ¯χ
(
c
(1,8)
1
1
2
dabc +
(1
3
c
(1,8)
1 + c
(1,8)
2
)
ifabc
)
,
(nop, χ¯| Oia |b, χ) = S(i)χ¯χ c(1,8)1
1
2
√
2
Λnopab ,
(nop, χ¯| Oia |klm, χ) = (~Sσ(i)~S†)
χ¯χ
3
4
(
c
(1,8)
1 + 6 c
(1,8)
2
)
Λa,xyzklm δ
nop
xyz . (2.54)
Matching of (2.54) with (1.50) leads directly to
D =
1
2
c
(1,8)
1 , F =
1
3
c
(1,8)
1 + c
(1,8)
2 , C = c
(1,8)
1 , H =
3
2
(
c
(1,8)
1 + 6 c
(1,8)
2
)
. (2.55)
This result, first obtained in [22], provides two relations between the meson-baryon cou-
pling constants:
C = 2D, H = −3D + 9F. (2.56)
At leading order, the four coupling constants are parameterised by the matrix elements
of Gia only. The relations for the constants read in this case:
F = 2/3D, C = 2D, H = 3D. (2.57)
This result is also obtained in the quark models with the assumed SU(6) spin-flavour sym-
metry group, where the generator Gia is evaluated between the SU(6) symmetric baryon
wave functions. The difference between (2.56) and (2.57) is due to the sub-leading effect
taken into account by the {J i, T a}-operator in the 1/Nc-expansion in (2.53).
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2.4.3. Meson baryon four-point interaction
The subject of interest in this section is the Q2 four-point interaction stated in Section
1.4.2. The connection of these interaction terms to the quark-gluon physics at large Nc
is established via the matrix elements of quark operators as in (1.59).
The relevant effective quark operators are constrained by the transformation properties
of (1.59). In the following we limit the discussion to the space components of the axial
vector quark currents only. The decomposition of the product of two axial vector currents,
where each of them transforms as (1,8) under spatial and flavour rotations, is
(1,8)⊗ (1,8) = (0,8⊗ 8)⊕ (1,8⊗ 8)⊕ (2,8⊗ 8), (2.58)
where the product of two flavour octets decomposes as follows:
8⊗ 8 = 1 + 8S + 8A + 10 + 1¯0 + 27. (2.59)
Doing the expansion (2.21) for the product of two axial vector currents, it is not quite
obvious how to distribute the vector indices between the effective operators and the
momentum dependent coefficients clr. Since we are mainly interested in the structure of
the Q2 four-point interaction terms, the kinematic properties of those terms can serve as
a guide in this case. Examination of the momentum dependence in the explicit results for
the chiral expansions in (1.64 - 1.66) furnish the ansatz for the momentum dependence of
the coefficients in the corresponding 1/Nc expansion. The “remnant” vector indices are
carried by the effective operators. The flavour structures of the operators are determined
according to (2.58) and are mapped to the flavour structures in the chiral interaction.
Having stated the spin and flavour structures, the relevant operators are readily deter-
mined with the help of Table G.2. Putting all together, the Fourier-transformed of the
product of two axial quark currents, as defined in (1.63), is
〈B′(p ′)|Cabij (p¯− p) |B(~p)〉
= −δij (B′| c(0,1)1 δab1+ c(0,8)1 dabcT c + 14c(0,27)2 P(0,27){T a, T b} |B)
+
(p+ p¯)i(p+ p¯)j
4M
(B′| c˜ (0,1)0 δab1+ c˜ (0,8)1 dabcT c + 14 c˜ (0,27)2 P(0,27){T a, T b} |B)
+ i
(
εikl(p+ p¯)j + εjkl(p+ p¯)i
)
(p− p¯)k
4M
(B′| c(1,8)1 dabcGlc + 14c(1,27)2 P(1,27){T a, Glb}|B)
+ εijk (B′| c˜ (1,8)1 fabcGkc + 14 c˜ (1,1¯0+10)2 P(1,1¯0+10)facgdbch {T g, Gkh} |B)
+ (B′| 1
4
c
(2,27)
2 P(2,27){Gia, Gjb} |B)
+ . . . . (2.60)
To stress it again, the ansatz for the momentum dependence of the unknown coefficients
clr, which was written out explicitly in the above expression, is not the most general
one. It is rather motivated by the structures of the Q2 contact terms in the chiral
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Lagrangian. The omitted terms, denoted by . . . in (2.60), reflect the structure of terms
in the chiral Lagrangian which are either of higher order (say, have more derivatives on
baryon and/or meson fields) or correspond to the pole-terms in (1.61). To the order in
the chiral expansion we are interested in, it is legitimate and fully sufficient to perform
the matching of the chiral and 1/Nc-expansions on the basis of (2.60).
The projectors P l embody in a compact form subtraction terms as in (B.21) and (B.22)
and guarantee the operators, which they are acting on, to transform under some definite
irreducible spin-flavour representation l. In general, those subtraction terms are either
already included in the effective expansion or are of sub-leading order. E.g., the 27-plet
component in {T a, T b} is obtained by means of the following subtractions:
P(0,27){T a, T b} ≡ {T a, T b} − 1
8
δab
(1
6
(Nc + 6)1+ {Jk, Jk}
)
− 3
5
dabc
(
− 1
3
(Nc + 3)T
c + 2{Jk, Gkc}
)
. (2.61)
In this way, the projection onto definite multiplets guarantees the leading order behavior
of the operators included in the 1/Nc-expansion. Expressions similar to (2.61) hold also
for other operators and their corresponding subtraction terms. Details can be found in
Appendix G.
Evaluation of the ansatz in (2.60) for the octet and decuplet baryon states and matching
to the corresponding results in (1.64 - 1.66) leads to the correlations between the chiral
and the 1/Nc-couplings. For the chiral coupling constants in the vertices containing octet
fields only it holds:
g
(S)
0 = 6c
(0,1)
1 −
11
20
c
(0,27)
2 , g
(S)
1 = −2c(0,27)2 ,
g
(S)
D =
6
5
c
(0,27)
2 , g
(S)
F = 2c
(0,8)
1 ,
g
(V )
0 = 6c˜
(0,1)
1 −
11
20
c˜
(0,27)
2 , g
(V )
1 = −2c˜ (0,27)2 ,
g
(V )
D =
6
5
c˜
(0,27)
2 , g
(V )
F = 2c˜
(0,8)
1 ,
g
(V )
0 = −
4
3
c
(1,8)
1 −
11
30
c
(1,27)
2 , g
(V )
1 = −
4
3
c
(1,27)
2 ,
g
(V )
D = 2c
(1,8)
1 +
4
5
c
(1,27)
2 , g
(V )
F =
4
3
c
(1,8)
1 ,
g
(T )
1 = −c˜ (1,1¯0+10)2 , g(T )D = −c˜ (1,8)1 ,
g
(T )
F = −
2
3
c˜
(1,8)
1 +
1
3
c˜
(1,1¯0+10)
2 . (2.62)
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For the vertices containing the decuplet fields only, the correlations are given by:
h¯
(S)
1 = 6c
(0,1)
1 − 2c(0,8)1 +
3
10
c
(0,27)
2 , h¯
(S)
2 = 3c
(0,8)
1 +
9
5
c
(0,27)
2 , h¯
(S)
3 = −3c(0,27)2 ,
h
(V )
1 = 6c˜
(0,1)
1 − 2c˜ (0,8)1 +
3
10
c˜
(0,27)
2 , h
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2 = 3c˜
(0,8)
1 +
9
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(0,27)
2 , h
(V )
3 = −3c˜ (0,27)2 ,
h
(V )
1 = −2c(1,8)1 +
3
10
c
(1,27)
2 , h
(V )
2 = 3c
(1,8)
1 +
9
5
c
(1,27)
2 , h
(V )
3 = −3c(1,27)2 ,
h
(T )
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2
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(1,8)
1 ,
h
(S)
2 =
3
20
c
(2,27)
2 , h
(S)
4 =
9
10
c
(2,27)
2 , h
(S)
6 = −
3
2
c
(2,27)
2 , (2.63)
with15
h¯
(S)
1 = h
(S)
1 +
1
3
h
(S)
2 , h¯
(S)
2 = h
(S)
3 +
1
3
h
(S)
4 , h¯
(S)
3 = h
(S)
5 +
1
3
h
(S)
6 . (2.64)
Finally, analogous matching for the vertices with both, the octet and the decuplet baryons,
results in
f
(A)
2 = −4c˜ (1,8)1 − 2c˜ (1,1¯0+10)2 , f (A)4 = 6c˜ (1,1¯0+10)2 ,
f
(A)
1 =
1
5
c
(2,27)
2 , f
(A)
3 = c
(2,27)
2 . (2.65)
Similar to the results in the previous two sections, the correlations in (2.4.3-2.65) provide
several relations between the different chiral couplings. In the following, these relations
are grouped according to the spin-structure of the effective operators, which the chiral
coupling constants are matched to.
Spin-0:
g
(S)
D = −
3
5
g
(S)
1 , h¯
(S)
1 = g
(S)
0 −
17
40
g
(S)
1 − g(S)F ,
h¯
(S)
2 =
3
2
(
g
(S)
D + g
(S)
F
)
, h¯
(S)
3 =
3
2
g
(S)
1 , (2.66)
15Upon the tensor reduction, the Q2 interaction terms in (1.54) accomponied by the coupling constants
h
(S)
2 , h
(S)
4 and h
(S)
6 contribute to the spin-0 and spin-2 structures in the matrix elements of the product
of two axial quark currents. The “renormalization” of the pure spin-0 couplings h
(S)
1 , h
(S)
3 and h
(S)
5 by
them is expressed by the abbreviations in (2.64).
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g
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2
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1 . (2.67)
Spin-1:
g
(V )
D = −
3
16
(
8 g
(V )
0 + g
(V )
1
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, g
(V )
F = −g(V )0 +
11
40
g
(V )
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h
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3
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(
2g
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17
20
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1
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9
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(
g
(V )
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40
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(V )
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)
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h
(V )
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9
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(V )
1 , (2.68)
g
(T )
F =
1
3
(
2 g
(T )
D − g(T )1
)
, h
(T )
1 =
3
2
g
(T )
D ,
f
(PV )
2 = 2
(
g
(T )
1 + 2g
(T )
D
)
, f
(PV )
4 = −6 g(T )1 . (2.69)
Spin-2:
h
(S)
4 = 12h
(S)
2 , h
(S)
6 = −20h(S)2 ,
f
(PV )
1 = −
8
3
h
(S)
2 , f
(PV )
3 = −
40
3
h
(S)
2 . (2.70)
The five groups in (2.66-2.70) correspond to the five lines in the ansatz for the expansion
of the product of two axial-vector quark currents in terms of the effective quark operators
in (2.60).
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The evaluation of the properly subtracted effective operators guarantees the leading or-
der behavior in the 1/Nc expansion, involves, however, a lot of tedious algebra. The
subtraction terms can be omitted, if they can be absorbed by another operators which
are explicitly included in the expansion. On the other hand, inclusion of several unsub-
tracted operators can lead to a redundant and/or a suppressed contribution, if evaluated
only in a subset of the baryon states.
We discuss this by means of the following ansatz16:
i
∫
d4x e−i(p′−p)x〈B′(p¯)|T Aia(x)Ajb(0)|B(p)〉
= −δij (B′| g1 (13δab1+ dabcT c) + 12 g2 {T a, T b} |B)
+
(p+ p¯)i(p+ p¯)j
4M
(B′| g3 (13δab1+ dabcT c) + 12 g4 {T a, T b} |B)
+εijk (B′| g5 fabcGkc |B) + (B′| 12 g6 {Gia, Gjb}+ 12 g7 {Gja, Gib}|B)
+ . . . . (2.71)
In labeling the unknown 1/Nc-coefficients in the above ansatz we are in no accordance
with the notation clr in (2.16), since we don’t insist on the definit multiplet structures in
the products of the effective operators.
The particular combination of operators associated with g1 and g3 follows since the one-
body operator contribution results from quark-gluon diagrams where the flavor matri-
ces λa and λb sit on a single quark line leading to the unique flavor structure λa λb =
2
3
δab + (dabc + i fabc)λ
c. By disregarding the suppressed case, where this line is closed
(quark loop), this implies that the symmetric part of the leading order one-body operator
contributes in the combination 1
3
δab 1+ dabc T c always.
We note that according to the reduction rule the operator
ijk
(
facg dbch − f bcg dach) {T g, Gkh} (2.72)
is not redundant and should be considered in (2.71) in addition. However, due to the last
equation in (2.32) and
{Gia, Gjb} − {Gja, Gib} = εijk εklm {Gla, Gmb}, (2.73)
it follows that the two operators {Gia, Gjb} and {Gja, Gib} in (2.71) may be linearly
combined to the structure (2.72) modulo operators that are already considered or that
are subleading. Thus, by allowing a partialy suppressed effect it is legitimate to consider
the combination (2.73) instead of (2.72).
Evaluation of the ansatz (2.71) and the explicit matching to the contributions of the
16The kinematic dependence for the ansatz is fixed by the chiral expansion and is the same as in the
previous ansatz. In the following we disregard the first spin-1 component of the ansatz in (2.60).
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two-body terms to the matrix elements of the correlator C
(ab)
ij in (1.64 - 1.66) leads to
g
(S)
0 = 2 g1 − g2 −
7
12
g+, g
(S)
1 = −2 g2 +
1
6
g+,
g
(S)
D = 3 g2 +
1
4
g+, g
(S)
F = 2 g1 −
2
3
g+,
g
(V )
0 = 2 g3 − g4, g(V )1 = −2 g4,
g
(V )
D = 3 g4, g
(V )
F = 2 g3,
g
(T )
1 = −
1
2
g−, g
(T )
D = −g5 +
1
2
g−, g
(T )
F = −
2
3
g5 +
5
12
g− , (2.74)
and
h
(S)
1 = 0, h
(S)
2 = 0, h
(S)
3 = 3 g1 +
9
2
g2 − 9
8
g+,
h
(S)
4 =
3
2
g+, h
(S)
5 = −3 g2 +
3
4
g+, h
(S)
6 = −
3
2
g+,
h
(V )
1 = 0, h
(V )
2 = 3 g3 +
9
2
g4, h
(V )
3 = −3 g4,
h
(T )
1 = −
3
2
g5 +
3
8
g− , (2.75)
and
f
(A)
1 = 0, f
(A)
2 = −4 g5 + g−,
f
(A)
3 = g+, f
(A)
4 = 3g−, (2.76)
with
g± =
1
2
(g6 ± g7). (2.77)
The correlations in (2.74 - 2.76) result in 17 sum-rules:
g
(S)
F = g
(S)
0 −
1
2
g
(S)
1 , h
(S)
1 = 0, h
(S)
2 = 0,
h
(S)
3 =
3
2
g
(S)
0 −
9
4
g
(S)
1 +
1
2
g
(S)
D , h
(S)
4 = 3
(
g
(S)
D +
3
2
g
(S)
1
)
,
h
(S)
5 = g
(S)
D + 3 g
(S)
1 , h
(S)
6 = −3
(
g
(S)
D +
3
2
g
(S)
1
)
, (2.78)
g
(V )
D = −
3
2
g
(V )
1 , g
(V )
F = g
(V )
0 −
1
2
g
(V )
1 ,
h
(V )
1 = 0, h
(V )
2 =
3
2
g
(V )
0 − 3 g(V )1 , h(V )3 =
3
2
g
(V )
1 , (2.79)
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g
(T )
F = −
1
6
g
(T )
1 +
2
3
g
(T )
D , h
(T )
1 =
3
4
(g
(T )
1 + 2 g
(T )
D ),
f
(A)
1 = 0, f
(A)
2 = 2 (g
(T )
1 + 2 g
(T )
D ), f
(A)
4 = −6 g(T )1 . (2.80)
• • •
In total, 25 chiral couplings are correlated to each other by 7 unknown “large-Nc cou-
plings” either in (2.60) or in (2.71). The differences between the both ansatzes are of
sub-leading order.
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Chapter 3.
Quark-mass dependence of the baryon masses
In this chapter we extend the results of [79] to the order Q4. We discuss the implication of
the chiral loop expansion, as described below, for the extrapolation of the baryon masses
and compare with the results of recent lattice simulations.
The results from a strict chiral expansion of the baryon masses, are unable to describe the
almost linear quark mass dependence as shown on the lattice (see e.g. [30]). In the baryon
sector, a polynomial fit may be used instead of the predictions of χPT. Extrapolated to
the physical point, the deviation from the experimental values is within few percent [1]1.
Though such a linear extrapolation may seem to be satisfactory for lattice practitioners,
an understanding of the failure and a correct description within the framework of an
effective field theory in the baryon sector are desirable and still lacking.
This problem is tightly related to the problem of very poor convergence properties in
the baryon sector with tree flavours. The poor convergence manifests itself by very large
dimensional regularised loop-modifications of the leading order results. This was realised
soon after the formulation of χPT for baryons in [39] and is observed in various calcu-
lations of different observables (see e.g. [25] for a brief overview)2. The situation was
improved by introducing a finite cutoff into the loop integrals [25, 26, 11, 8]. Years later
alternative regularisation schemes were proposed [28, 6, 40, 41, 32, 79]. These schemes
supplement the dimensional regularisation and the MS-renormalisation by additional sub-
tractions in the integrals and restore thereby the correct power-counting in the relativistic
formulation of χPT in the baryon sector.
The convergence pattern is strongly improved within the χMS-scheme as it was demon-
strated for the case of baryon masses in [79]. In this scheme the convergence pattern can
be controlled by the infrared scale. The introduction of an additional scale doesn’t have
any impact on the physical quantities since it can be completely absorbed by counter
terms. However, the presence of such a scale reorganises the perturbative expansion and
can lead to a better convergence pattern by choosing an appropriate value for it. Besides
the correct power-counting, this scheme takes loop contributions, as implied by the rel-
ativistic theory, completely into account – the leading order terms in loop contributions
1Such small deviations can still be assigned to the finite lattice effects.
2Originally, the observation in [39], that a strict application of the MS-scheme in the baryon sector
contradicts to the power-counting rules, an indispensable tool in an effective expansion, led to the non-
relativistic formulation of χPT in [51].
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always obey the expectation of the power-counting rules and the strict chiral expansion is
superseded by the chiral loop expansion. Such a loop expansion corresponds to a partial
summation of higher order terms and improves the convergence properties further.
3.1. Baryon masses in the chiral loop-expansion
To the order Q4 the self energy receives contributions from tree-level diagrams and one-
loop diagrams:
ΣB(MB) = Σ
tree−level
B + Σ
loop
B , B ∈ [8], [10], (3.1)
where the index B stands for the members of the flavor SU(3) octet and decuplet. In
this work we apply the χMS scheme developed in [79]. The physical mass of the baryon
MB is determined by the condition
MB − ΣB(MB) =
{ ◦
M [8] for B ∈ [8]
◦
M [10] for B ∈ [10]
. (3.2)
where
◦
M [8] and
◦
M [8] are the corresponding baryon masses in the chiral limit.
The Q3 one-loop corrections3 to the baryon masses from the leading order interaction
Lagrangian in (1.45) were calculated in [79]. Here we state the results only and refer to
the original work for the details of the calculation4.
The Q4 tadpole-contributions to the octet and decuplet baryon masses are calculated in
Appendix A.1 (for previous Q4 results in the baryon octet sector see e.g. [12, 30], some
partial results in the baryon decuplet sector can be found in [87]). Collecting all together,
it holds:
ΣloopB∈[8] = −
∑
Q∈[8],R∈[8]
(
G
(B)
QR
2f
)2 [
(MB +MR)
2
ER +MR
p2QR
(
I¯QR +
I¯Q
M2R −m2Q
)
− M
2
R −M2B
2MB
I¯Q
]
−
∑
Q∈[8],R∈[10]
(
G
(B)
QR
2f
)2 [
2
3
M2B
M2R
(
ER +MR
)
p2QR
(
I¯QR +
I¯Q
M2R −m2Q
)
− 1
12MBM2R
(
m4Q +
(
5M2B + 6MRMB − 2M2R
)
m2Q + (MR +MB)
3(MR −MB)
)
I¯Q
]
3According to the power counting, the leading term in the one-loop contribution calculated with
(1.45) is of the third chiral order. Within a chiral loop expansion a partial summation of higher order
terms is performed. As a matter of simpler bookkeeping, the whole loop is labeled as Q3.
4In [79] the dependence of the baryon self-energy on the off-shell parameter Z for the spin-3/2 fields
was considered. This dependence can be fully absorbed in the contact terms considered here and is not
taken into account in this work. More details on the redundancy of the off-shell parameter in effective
field theories can be found in Appendix A.4.
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+
1
(2f)2
∑
Q∈[8]
(
G
(χ)
BQ −G(S)BQm2Q −G(V )BQ
1
4
MBm
2
Q
)
I¯Q, (3.3)
ΣloopB∈[10] = −
∑
Q∈[8],R∈[8]
(
G
(B)
QR
2f
)2 [
1
3
(
ER +MR
)
p2QR
(
I¯QR +
I¯Q
M2R −m2Q
)
− 1
24M3B
(
m4Q −
(
3M2B + 2MRMB + 2M
2
R
)
m2Q + (MR +MB)
3(MR −MB)
)
I¯Q
]
−
∑
Q∈[8],R∈[10]
(
G
(B)
QR
2f
)2 [
(MB +MR)
2
9M2R
2ER(ER −MR) + 5M2R
ER +MR
p2QR
(
I¯QR(M
2
B) +
I¯Q
M2R −m2Q
)
− 1
36M3BM
2
R
(
(MB +MR)
2m4Q +
(
3M4B − 2M3BMR + 3M2BM2R − 2M4R
)
m2Q
+
(
M4R +M
4
B + 12M
2
RM
2
B − 2MRMB(M2B +M2R)
)
(M2R −M2B)
)
I¯Q
]
+
1
(2f)2
∑
Q∈[8]
(
G
(χ)
BQ −G(S)BQm2Q −G(V )BQ
1
4
MBm
2
Q
)
I¯Q, (3.4)
with
I¯Q =
m2Q
(4pi)2
ln
(
m2Q
µ2UV
)
,
I¯QR =
1
(4pi)2
[
2piµIR
◦
M
+
(
1
2
m2Q +M
2
R
m2Q −M2R
− m
2
Q −M2R
2M2B
)
ln
(
m2Q
M2R
)
+
pQR
MB
(
ln
(
1− M
2
B − 2pQRMB
m2Q +M
2
R
)
− ln
(
1− M
2
B + 2pQRMB
m2Q +M
2
R
))]
,
p2QR =
M2B
4
− M
2
R +m
2
Q
2
+
(M2R −m2Q)2
4M2B
, E2R = M
2
R + p
2
QR. (3.5)
The sums in (3.3, 3.4) extend over the intermediate Goldstone bosons (Q ∈ [8]), baryon
octet (R ∈ [8]) and decuplet states (R ∈ [10]). The coupling constants G(B)QR are deter-
mined by the parameters F,D,C and H. They are listed in Table 3.2.
The coupling constants G
(χ)
QR probe the symmetry breaking parameters b0, bD, bF , d0 and
dD. They are detailed in Table 3.4 together with G
(S)
QR and G
(V )
QR which are proportional to
the symmetry preserving parameters introduced in Section 1.4.2. In Table 3.4 we apply
the notation
h˜
(S)
1 ≡ h(S)1 +
1
4
h
(S)
2 , h˜
(S)
2 ≡ h(S)3 +
1
4
h
(S)
4 , h˜
(S)
3 ≡ h(S)5 +
1
4
h
(S)
6 . (3.6)
The 6 parameters h
(S)
1−6 enter the decuplet self energy in the three combinations (3.6)
only.
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The ultraviolet and the infrared scales in the renormalised scalar integrals in (3.5) are
associated with the divergences in the non-renormalised expressions in d = 4 and in
d = 3, respectively. While divergencies at d = 4 occur always, the d = 3 singularities are
only present in the limit of vanishing meson masses (or in the limit of infinitely heavy
baryons). The renormalised mesonic tadpole integral I¯Q in (3.5) has a logarithmic de-
pendence on the ultraviolet renormalization scale µUV . The one-loop scalar function I¯QR
shows a linear dependence on the infrared renormalization scale µIR. The infrared as well
as the ultraviolet scale dependencies are canceled by the corresponding scale dependen-
cies of the counter terms. By applying a chiral expansion to the results in (3.3, 3.4), the
running of the chiral parameters on these scales can be worked out order by order. This
procedure results in scale independent results for the observables. The scale dependence
of the parameters was exemplified in [79] at order Q3 for b0, bD, bF and d0, dD.
Here we generalise that result to order Q4 and detail the dependence on the renormal-
ization scales of all contact terms taken into account in our calculation.
We introduce renormalised coupling constants, g¯, with
g = g¯ +
1
4
1
(4pi f)2
[
ΓUVg
( 2
d− 4 − ln(4pi)− 1 + γE
)
− Γfin.g
+ Γ IRg
(1
2
− µIR/
◦
M
) 1
d− 3
]
, (3.7)
where g is a synonym for any of the bare coupling constants introduced in Section 1.4.3.
The coefficients ΓUVg and Γ
IR
g specify the dependence on the ultraviolet and infrared renor-
malization scales µUV and µIR. The coefficients Γ
fin.
g stand for the renormalization through
finite terms arising in the limiting process d→ 4 in the dimensional regularisation. Those
are collected in Appendix A.3.
Table 3.1 contains ΓUVg , Γ
IR
g and Γ
fin.
g for the Q
2 and Q3 symmetry breaking couplings.
The analogous expressions for the Q4 couplings are given in A.2 and A.3. The coefficients
are expanded in powers of
∆ =
◦
M [10] −
◦
M [8], (3.8)
and only the leading term in this expansion is shown.
Keeping the partial summation as defined by (3.3, 3.4) and truncating the contributions
from the symmetry breaking part of the Lagrangian at Q4, a residual dependence on the
renormalization scales remains. This is analogous to the residual cutoff dependence of
the scheme of Donoghue and Holstein [25]. As long as such dependencies are small and
decreasing as higher order terms are included they do not pose a problem, rather, they
offer a convenient way to estimate the error encountered at a given truncation.
Convergence properties of a perturbative expansion depend on the choice of the renor-
malization scales. Good convergence properties can only be expected for natural values
of them. The ultraviolet scale makes integrals converge for virtual momenta beyond this
scale. We use µUV = 800 MeV. For the infrared scale µIR a natural window 350 MeV
< µIR < 550 MeV was suggested in [79]. This proposal is justified by following consid-
erations. The leading chiral contribution to the baryon mass in the addend of (3.3) is
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Figure 3.1.: I¯piN(p) and I¯KΣ(p) for different choices of the infrared scale µIR.
proportional to
m2QI¯QR(MR) = m
2
Q
(
1
8pi2
µIR
MR
− 1
16pi
mQ
MR
+O(Q2)
)
. (3.9)
For µIR = 0 MeV the leading order term is ∼ m3Q and the mass shift is dominated by
the kaon and eta mesons5. This is in contradiction to the physical expectation that the
low-energy expansion should be governed by the lighter degrees of freedom. Values of
µIR closer to the heavier meson masses cancel a big part of their contributions and make
the pion-contribution more dominant.
This situation is not changed by the higher order terms in the one-loop function which
were omitted in the expansion on the r.h.s. of (3.9). In Figure 3.1 the loop-functions
I¯piN(p) and I¯KΣ(p) for different choices of the infrared scale µIR are shown. E.g., for the
nucleon self energy these loop integrals have to be evaluated at p ≈ 1 GeV. As can be
seen in Figure 3.1, for µIR = 450 MeV, which is used in this work, the contribution of the
heavier kaon-mass is strongly suppressed as compared to the pion-loop.
We turn to the tree-level contributions to the baryon masses. The unrenormalised expres-
sions were already specified in Section 1.4.3. The renormalised expressions are obtained
by replacing the couplings in (1.71, 1.72) with their renormalised values.
Note, that in our scheme there are no finite terms induced by the dimensional regularised
loop integrals in the limit d → 4. Such terms carry minimal chiral power Q3, define
a finite shift to the symmetry breaking parameters and are completely absorbed in the
definition of the renormalised couplings in (3.7).
5A baryon mass shift proportional to the third power of meson masses is the result of the strict chiral
expansion as in heavy baryon calculations. For three quark flavours, this huge loop-correction spoils the
convergence pattern.
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ΓUV ΓIR/
◦
M Γfin.
b0
7
9
C2 ∆ 4
9
(13D2 + 9F 2 + 7C2) 7
27
C2 ∆
bD − 13 C2 ∆ − 23 (3D2 − 9F 2 + 2C2) − 19 C2 ∆
bF
5
18
C2 ∆ 10
9
(6DF + C2) 5
54
C2 ∆
d0 − 16 C2 ∆ 281 (27C2 + 25H2) 19 C2 ∆
dD − 16 C2 ∆ 29 (3C2 + 5H2) 19 C2 ∆
ζ0 − 269 D2 − 2F 2 − 149 C2
56
9
C2
◦
M
−1
[8] − 329
(
2D2 (15 b0 + 13 bD)
+ 9F 2(6 b0 + 2 bD) + 36DF bF + 3C
2(5 d0 + dD)
) − 14
27
C2
ζD D
2 − 3F 2 + 2
3
C2 − 8
3
C2
◦
M
−1
[8] +
32
3
(
3D2 bD − 9F 2 bD + 18DF bF − C2 dD
)
2
9
C2
ζF − 103 DF − 59 C2 209 C2
◦
M
−1
[8] − 323
(
15D2 bF + 27F
2 bF − 30DF bD + 5C2 dD
)
− 5
27
C2
ξ0 − 13 C2 − 2581 H2 − 43 C2
◦
M
−1
[8] − 3281
(
27C2(2 b0 + bD − bF ) + 5H2 (12 d0 + dD)
)
2
9
C2 − 80
243
H2
ξD − 13 C2 − 59 H2 − 43 C2
◦
M
−1
[8] − 329
(
3C2(bD + 3 bF ) + 5H
2dD
)
2
9
C2 − 16
27
H2
Table 3.1.: Renormalisation coefficients of the Q2 and Q3 symmetry breaking parameters
(see (3.7)).
G
(N)
piN =
√
3 (D + F ) G
(Λ)
piΣ = 2D G
(Σ)
piΛ =
2D√
3
G
(Ξ)
piΞ = −
√
3 (D − F )
G
(N)
ηN = −D−3F√3 G
(Λ)
K¯N
= −
√
2
3
(D + 3F ) G
(Σ)
piΣ = −
√
8F G
(Ξ)
K¯Λ
= −D−3F√
3
G
(N)
KΛ = −D+3F√3 G
(Λ)
ηΛ = − 2D√3 G
(Σ)
K¯N
=
√
2 (D − F ) G(Ξ)
K¯Σ
= −√3 (D + F )
G
(N)
KΣ =
√
3 (D − F ) G(Λ)KΞ =
√
2
3
(D − 3F ) G(Σ)ηΣ = 2D√3 G
(Ξ)
ηΞ = −D+3F√3
G
(Σ)
KΞ =
√
2(D + F )
G
(N)
pi∆ = 2C G
(Λ)
piΣ = −
√
3C G
(Σ)
piΣ = −
√
2
3
C G
(Ξ)
piΞ = −C
G
(N)
KΣ = C G
(Λ)
KΞ = −
√
2C G
(Σ)
K¯∆
= −
√
8
3
C G
(Ξ)
ηΞ = −C
G
(Σ)
ηΣ = C G
(Ξ)
K¯Σ
= C
G
(Σ)
KΞ = −
√
2
3
C G
(Ξ)
KΩ = −
√
2C
Table 3.2.: Meson-baryon coupling constants G
(B)
QR with B ∈ [8].
The results (3.3, 3.4) depend on the physical meson and baryon masses mQ and MR. This
defines a self consistent summation since the masses of the intermediate baryon states in
(3.3, 3.4) should match the total masses. The baryon masses are a solution of a set of
eight coupled and non-linear equations in (3.2). This is a consequence of self consistency
imposed on the partial summation approach. The latter is a crucial requirement since
the loop functions depend sensitively on the precise values of the baryon masses.
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G
(∆)
piN =
√
2C G
(Σ)
piΛ = −C G
(Ξ)
piΞ = −C G
(Ω)
K¯Ξ
= −2C
G
(∆)
KΣ = −
√
2C G
(Σ)
piΣ = −
√
2
3
C G
(Ξ)
K¯Λ
= C
G
(Σ)
K¯N
=
√
2
3
C G
(Ξ)
K¯Σ
= C
G
(Σ)
ηΣ = C G
(Ξ)
ηΞ = −C
G
(Σ)
KΞ = −
√
2
3
C
G
(∆)
pi∆ = −
√
5
3
H G
(Σ)
piΣ =
√
8
3
H G
(Ξ)
piΞ = −
√
1
3
H G
(Ω)
K¯Ξ
= − 2√
3
H
G
(∆)
η∆ = −
√
1
3
H G
(Σ)
K¯∆
= −
√
8
3
H G
(Ξ)
K¯Σ
= − 2√
3
H G
(Ω)
ηΩ =
2√
3
H
G
(∆)
KΣ = −
√
2
3
H G
(Σ)
ηΣ = 0 G
(Ξ)
KΩ = −
√
2
3
H
G
(Σ)
KΞ =
√
8
3
H G
(Ξ)
ηΞ =
1√
3
H
Table 3.3.: Meson-baryon coupling constants G
(B)
QR with B ∈ [10].
3.2. Chiral extrapolation for the light hadrons
The dependence of the baryon masses on the masses of the light quarks enters into the
calculation, once the explicit chiral symmetry breaking is taken into account. Besides
the tree-level contributions to the baryon masses, the dependence on the quark masses is
furthermore determined trough the non-vanishing meson masses in the loops. We discuss
the quark mass dependence of the mesons first.
3.2.1. Meson masses
To the fourth chiral order the meson masses are determined by solving the equation
([37, 78])
m2Q = m
2
Q,2 + Σ(m
2
Q) ≡ m2Q,2 + AQ +BQm2Q, Q ∈ [8], (3.10)
with the Q2-values
m2pi,2 = 2B0mˆ, m
2
K,2 = B0(mˆ+ms), m
2
η,2 =
2
3
B0(mˆ+ 2ms), (3.11)
and
Api =
m2pi
f 2
{
− 1
6
I¯pi − 1
6
I¯η − 1
3
I¯K + 32[(2mˆ+ms)B0L6 + mˆB0L8]
}
,
Bpi =
2
3
I¯pi
f 2
+
1
3
I¯K
f 2
− 16B0
f 2
[(2mˆ+ms)L4 + mˆL5] ,
AK =
m2K
f 2
{
1
12
I¯η − 1
4
I¯pi − 1
2
I¯K + 32
[
(2mˆ+ms)B0L6 +
1
2
(mˆ+ms)B0L8
]}
,
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B Q G
(χ)
BQ G
(S)
BQ G
(V )
BQ
pi 24B0 m (2b¯0 + b¯D + b¯F ) 3 g
(S)
0 +
3
2
g
(S)
D +
3
2
g
(S)
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5
6
g
(S)
D +
1
2
g
(S)
F g
(V )
0 +
5
6
g
(V )
D +
1
2
g
(V )
F
pi 24B0m (2 d¯0 + d¯D) 3 h˜
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4
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2
Table 3.4.: Coefficients G
(χ)
BQ, G
(S)
BQ and G
(V )
BQ.
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BK =
1
4
I¯η
f 2
+
1
4
I¯pi
f 2
+
1
2
I¯K
f 2
− 16B0
f 2
[
(2mˆ+ms)L4 +
1
2
(mˆ+ms)L5
]
,
Aη =
m2η
f 2
[
−2
3
I¯η
]
+
M2pi
f 2
[
1
6
I¯η − 1
2
I¯pi +
1
3
I¯K
]
+
128
9
B20(mˆ−ms)2
f 2
(3L7 + L8)
+
m2η
f 2
[16
2
3
(mˆ+ 2ms)B0L8 + 32(2mˆ+ms)B0L6],
Bη =
I¯K
f 2
− 16
f 2
(2mˆ+ms)B0L4 − 8
f 2
2
3
(mˆ+ 2ms)B0L5. (3.12)
Solving for the meson mass mQ in (3.10) yields
m2Q =
m2Q,2 + AQ
1−BQ = m
2
Q,2(1 +BQ) + AQ︸ ︷︷ ︸
≡m2Q,4
+O(Q6), (3.13)
with the Q4-values of the squared meson masses
m2pi,4 = m
2
pi,2
{
1 +
m2pi,2
32pi2f 2
ln
(
m2pi,2
µ2UV
)
− m
2
η,2
96pi2f 2
ln
(
m2η,2
µ2UV
)
+
16
f 2
[(2mˆ+ms)B0(2L6 − L4) + mˆB0(2L8 − L5)]
}
, (3.14)
m2K,4 = m
2
K,2
{
1 +
m2η,2
48pi2f 2
ln
(
m2η,2
µ2UV
)
+
16
f 2
[
(2mˆ+ms)B0(2L6 − L4) + 1
2
(mˆ+ms)B0(2L8 − L5)
]}
, (3.15)
m2η,4 = m
2
η,2
[
1 +
m2K,2
16pi2f 2
ln
(
m2K,2
µ2UV
)
− m
2
η,2
24pi2f 2
ln
(
m2η,2
µ2UV
)
+
16
f 2
(2mˆ+ms)B0(2L6 − L4) + 8
m2η,2
f 2
(2L8 − L5)
]
+m2pi,2
[
m2η,2
96pi2f 2
ln
(
m2η,2
µ2UV
)
− m
2
pi,2
32pi2f 2
ln
(
m2pi,2
µ2UV
)
+
m2K,2
48pi2f 2
ln
(
m2K,2
µ2UV
)]
+
128
9
B20(mˆ−ms)2
f 2
(3L7 + L8). (3.16)
These expressions are frequently used in the literature for the extrapolation of the meson
masses.
Because of loop corrections, the renormalised values of the couplings L4,5,6,8 are UV-scale
dependent:
Li(µ2) = Li(µ1) +
Γi
(4pi)2
ln
(
µ21
µ22
)
, i ∈ {4, 5, 6, 8} (3.17)
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Empirical value at µUV = 0.8 GeV
2L6 − L4 −0.1× 10−3
2L8 − L5 +0.4× 10−3
3L7 + L8 −0.3× 10−3
m B0 9.91×10−3 GeV2
msB0 237×10−3 GeV2
f 0.090 GeV
Table 3.5.: Low-energy coupling constants used in this work.
The coefficients Γi were first determined in [37]. The experimental values of Li given in
[9] are converted according to (3.17) to the scale used in this work, µUV = 800 MeV. The
numerical values of them at this scale are presented in Table 3.5.
Instead of using the expressions in (3.14), we solve the general equation in (3.10). This
amounts to a partial summation of higher order contributions from the symmetry breaking
terms. Though, the difference between (3.14) and the solution of (3.10) is numerically
negligible (as it should be in a well convergent expansion for an effect of higher order).
3.2.2. Baryon masses
The baryon masses are determined in the chiral loop expansion by a solution of a set
of coupled and non-linear equations. For given values of the infrared and ultraviolet
renormalization scales and the values of the light quark masses, the chiral parameters are
determined by minimizing the function
χ2 =
∑
B∈[8],[10]
(MB −M expB )/M expB , (3.18)
where MB’s are the solution of the coupled system (3.2), and the values of M
exp
B stand
for the corresponding experimental values of the baryon masses.
Given the large number of chiral parameters at this order, it is possible to obtain an
excellent value for χ2 in (3.18) for many different sets of the chiral parameters. The
decomposition of the baryon masses in chiral moments serves as an exclusion criterion
– from a convergent expansion one expects the higher order contributions to decrease in
their absolute values. We exclude parameter sets that indicate no or poor convergence
properties.
A further exclusion criterion is provided by the extrapolation of the results for the baryon
masses in the quark masses. As a consequence of the non-linearity of the system, for a
given set of parameters there is no guarantee for a unique solution to exist. Furthermore,
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given the set of chiral parameters which minimises (3.18) at the physical point, there is
no guarantee for the corresponding baryon masses to possess a continuous quark mass
dependence. The system may discontinuously evolve from one solution to another as
the quark masses rise continuously. Indeed, various discontinuities in the quark-mass
dependence of the baryon masses were reported in [80]. By including the Q4 effects it is
possible to find parameter sets leading to a unique (and, therefore, a stable) solution for
the baryon masses.
A further constraint for the parameters is provided by lattice simulations of the baryon
masses. In order to minimise the bias of these results on the chiral parameters, we only
consider the values of the baryon masses for a single member of each baryon flavour
multiplet at the SU(3) symmetric point with m = ms. This implies the following meson
masses
mpi = mK = mη = 695.6 MeV. (3.19)
The values at this point allows to disentangle various chiral parameters which occur at
the physical point in specific combinations only6. This procedure increases the prediction
power of the chiral extrapolation and the trust in χPT in the baryon sector outside the
physical region, if the description of the baryon masses is also reasonable for higher values
of the quark masses.
In the following we confront the chiral extrapolation of the baryon masses with the
current results of various lattice groups working on the hadron spectrum in unquenched
simulations with three light quarks [4, 88, 1, 62, 27]. We use the data of the BMW-group
[27] for the nucleon and for the omega baryon. This group has carried out a very detailed
study of the hadron spectrum at three different lattice spacings and provides continuum
extrapolated results. For large quark masses the BMW-group did not provide yet results
for other than the nucleon and the omega baryon. The value of the baryon masses at
the SU(3) symmetric point in (3.19), as implied by the smallest lattice spacing in the
simulation of the BMW-collaboration, is
M[8] ≈ 1560 MeV, M[10] ≈ 1768 MeV. (3.20)
A possible scenario for the chiral parameters is summarised in Tables 3.6 and 3.7, which
contain the values of all parameters entering the calculation of the baryon masses at Q4.
The chiral decomposition of the baryon masses following from this specific choice of the
parameter set is given in Table 3.8. Such a decomposition serves as a rough check of the
convergence pattern of the chiral expansion. The numerical values for the parameters in
Tables 3.6,3.7 imply a smooth extrapolation of the baryon masses. The extrapolation of
MN and MΩ up to m
2
pi = 0.48 GeV
2 and the lattice data of the BMW-group for three
different values of the lattice spacing a are shown in Figure 3.2. As described above, every
step in the extrapolation includes a determination of the self consistent meson masses via
6One example is the combination of the unknown parameters
◦
M [8] and b0 in the expressions for the
baryon mass shifts in (3.2). To disentangle them, a further observable, e.g. the nucleon sigma-term, is
required. In the approach taken here, the determination of these parameters with the help of lattice data
allows to predict the value of the nucleon sigma-term.
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the equation (3.10) and of the self consistent baryon masses via (3.2).
Having fixed the chiral parameters at the physical point and with the help of the lattice
data for a single member of the flavour octet and decuplet, the baryon masses of all
members of the multiplets are determined thereby. This is the consequence of the explicit
SU(3) flavour symmetry of the chiral Lagrangian and of the self consistency imposed on
the baryon self energies in (3.2). A non-trivial and very stringent test of the χPT-results
follows from a comparison of the chiral extrapolation for all members of the flavour
multiplets with the lattice data. The “global” plots containing the extrapolation for the
flavour octet and decuplet baryons are given in Figures 3.3 and 3.4, respectively. The
results of other lattice groups are also shown there. A quantitative comparison is not
possible at this stage since the lattice data are not extrapolated into the continuum yet.
The discrepancies among the various groups may serve as an estimate of the uncertainty.
The number of possible scenarios and the number of the free unknown parameters can
be reduced by using the large-Nc relations derived and discussed in Section 2.4. While
the incorporation of the large-Nc relations for the chiral symmetry conserving couplings
is straightforward (Section 2.4.3), a direct application of the large-Nc results for the sym-
metry breaking parameters (Section 2.4.1) is complicated by the non-analytical structure
of the chiral loops and the running of the chiral parameters on the ultraviolet and on
the infrared scales. The relations derived in Section 2.4.1 are independent of any renor-
malisation scales and are valid for the strict expansion in the flavour symmetry breaking
parameter ε only (see (2.42) and the discussion in Section 2.4.1 for further details). In-
clusion of the chiral loops generates a non-trivial and a non-analytical dependence on the
quark-masses. The interplay of the large-Nc sum rules and chiral loop effects was not
completed in this work and remains a task for the near future.
Despite the partial incorporation of the large-Nc constraints, the results for the chiral
extrapolation performed in this section look very promising. The used scheme allows a
simultaneous determination of the octet and decuplet baryon masses and their extrapo-
lation to higher quark masses. A reasonable convergence pattern achieved at this order
applying the χMS renormalisation scheme doesn’t cause any significant discrepancies be-
tween the extrapolated and the lattice results. The very astonishing result of numerous
lattice studies, that the baryon masses show an almost linear quark mass dependence
over a wide range of quark masses, can be reproduced by the very complicated non-linear
quark mass dependence in (3.3, 3.4), once a well convergent expansion is achieved and
the self consistence is imposed on the baryon masses. This all motivates a further more
detailed and complete study of the large-Nc constraints for the baryon masses at the
one-loop level.
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Q2 [GeV−1] Q3 [GeV−2] Q4 [GeV−3]
b¯0 = −0.45 d¯0 = −0.17 ζ¯0 = 2.25 ξ¯0 = 0.38 c¯χ0 = −0.86 e¯χ0 = −0.06
b¯D = 0.10 d¯D = −0.16 ζ¯D = −0.09 ξ¯D = 1.09 c¯χ1 = 0.50 e¯χ1 = 0.47
b¯F = −0.15 ζ¯F = 1.26 c¯χ2 = 0.30 e¯χ2 = 0.13
c¯χ3 = −0.31 e¯χ3 = −1.43
c¯χ4 = −0.54 e¯χ4 = 0.50
c¯χ5 = 2.88
c¯χ6 = 0.89
Table 3.6.: The chiral symmetry breaking parameters.
Q0 [GeV] Q2 [GeV−1]
◦
M [8]= 0.9
◦
M [10]= 1.2 g
(S)
0 = −7.1 h˜(S)1 = −0.004
g
(S)
1 = −9.6 h˜(S)2 = 2.4
g
(S)
D = 5.6 h˜
(S)
3 = −6.6
g
(S)
F = −0.9
Table 3.7.: The chiral symmetry conserving parameters. The corresponding Q2 vector-
couplings are set to zero. As can be seen directly in (3.3, 3.4), this amounts to
a finite renormalisation of the scalar couplings and to the omission of higher
order terms.
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MN [MeV] 900 + 225− 106− 80 = 939
MΛ [MeV] 900 + 334− 81− 37 = 1193
MΣ [MeV] 900 + 455− 247 + 86 = 1193
MΞ [MeV] 900 + 503− 177 + 91 = 1193
M∆ [MeV] 1156 + 185− 39− 69 = 1233
MΣ [MeV] 1156 + 233 + 17− 21 = 1385
MΞ [MeV] 1156 + 281 + 78 + 17 = 1532
MΩ [MeV] 1156 + 330 + 134 + 51 = 1671
Table 3.8.: The decomposition of the baryon masses into their chiral momenta corre-
sponding to the parameter set in Tables 3.6, 3.7. The 1st column contains the
values of the baryon masses in the chiral limit. In the 2nd column the values
of the Q2 tree-level contributions are given. The contributions of the Q3 loop
corrections follow in the 3rd column. Finaly, the tadpole- and the tree-level
contribution of order O(Q4) are cumulatively given in the last column.
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ΩN
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Figure 3.2.: Chiral extrapolation of the nucleon and omega masses. Lattice data are taken
from [27].
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Figure 3.3.: Extrapolation of the octet baryon masses. Lattice data are taken from [27,
62, 88, 4, 1].
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Figure 3.4.: Extrapolation of the decuplet baryon masses. Lattice data are taken from
[27, 62, 88, 4, 1].
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Conclusions
In the present work we have studied the interplay of three different approaches to Quan-
tum Chromodynamics (QCD) in application to properties of the baryon ground states.
We considered Chiral Perturbation Theory, χPT, lattice QCD and large-Nc QCD.
The effective field theory of QCD, Chiral Perturbation Theory, χPT, is able to describe
a plethora of phenomena in hadron physics at low energy. The most convincing results
of this formulation are given in the two-flavour meson sector. The rigorous effective field
theory formulation of QCD in this sector serves as a precision tool for QCD itself. The
explicit inclusion of the strange quark worsens the predictive power in terms of a pertur-
bative description of hadron properties. Though there are many experimental indications,
that the approximate flavour symmetry SU(3) of strongly interacting particles is indeed
realised in nature, it was not clear for a long time, how to recover the approximate flavour
symmetry in the results of Chiral Perturbation Theory. This problem is especially seen
in the three-flavour baryon sector and is closely connected to the problem of the poor
convergence properties of χPT, once the strange quark is included explicitly. Many years
after the formulation of χPT it was realised that a suitable renormalisation together
with a partial summation of higher order terms can drastically improve the theory in the
three-flavour baryon sector.
The formulation of QCD on discretised space-time, lattice QCD, is currently making great
progress. Though the ultimate goal of lattice QCD is the calculation of the physical
observables for the physical quark masses, the results of such calculations carried out
at the quark masses set to higher values are still of importance. Such artificial high
quark masses greatly reduce the run-time costs of lattice simulations and provide at
the same time a method to determine the unknown coupling constants of the chiral
Lagrangian. The inclusion of the explicit chiral symmetry breaking effects in the chiral
Lagrangian provides the quark-mass dependence of hadron properties. Given such an
explicit dependence on the quark masses calculated in the framework of the effective field
theory at the physical point, the comparison with the results on the lattice at higher and
unphysical quark masses is readily achieved.
In this work the χMS renormalisation scheme was applied to the all members of the
flavour SU(3) baryon octet and decuplet. A partial summation implied by a self consis-
tency condition was developed and applied. We obtained a very good description of the
empirical masses with a reasonable convergence pattern at sub-sub-leading order. The
most remarkable result of this study is the almost linear quark mass dependence at large
quark masses for many members of these multiplets. Such a linear dependence has been
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seen in lattice simulation over a wide range of the quark masses. This has been difficult
to understand in application of the chiral Lagrangian. In our scheme it is the result of
the particular summation scheme that defines a non-trivial and complicated dependence
on the quark masses. In our study, the chiral parameters were constrained by the lattice
data of the BMW-collaboration for the nucleon and for the omega baryon. This collab-
oration has carried out a very detailed and complete study of the hadron spectrum in
unquenched simulations. Having constrained the parameters of the chiral Lagrangian by
a single member of each flavour multiplet, a reasonable and simultaneous extrapolation
for all members of the octet and decuplet was achieved.
The inclusion of higher order terms in the effective expansion is inevitably accompanied
by the inclusion of new coupling constants, which in many cases can hardly be determined
from experimental data. The description of QCD in the limit of an infinite number of
colours provides another parametrisation of the physics of strongly interacting particles.
By matching the results of this parametrisation to the low-energy description in χPT,
several relations among the coupling constants of the chiral Lagrangian can be established.
This reduces the number of unknown parameters significantly. The success of the methods
of QCD in the large-Nc limit, if applied to the static properties of hadrons, motivated
our further studies. In this work, several novel large-Nc sum rules for the coupling
constants relevant in the computation of the baryon masses at sub-sub-leading order
were worked out. The chiral extrapolation discussed above was partially supplemented
by these constraints.
It remains to study in more details the interrelationship of the large-Nc expansion and
the chiral expansion. So far the large-Nc sum rules have been worked out at tree-level.
A proper generalisation to the one-loop level is required.
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Appendix A.
One-loop corrections of the baryon masses
In this appendix we discuss several topics concerning the Q3 and Q4 one-loop corrections
of the baryon masses used in Section 3.1.
A.1. Q4-contributions to the baryon self-energy
Tadpole diagrams, evaluated with the relevant parts of the Q2-interaction given in Section
1.4.2, give rise to the Q4-mass corrections of baryons. Contributions to the self-energy of
the octet baryons and to the self-energy tensor of the decuplet baryons are
−iΣtadpoleB∈[8] (p) = −
i
(2f)2
∑
Q∈[8]
∫
ddk
(2pi)d
iµ4−dUV
k2 −m2Q + i
(
G
(χ,2)
BQ −G(S)BQ k2 −G(V )BQ /k(k · p)
)
.
(A.1)
and
iΣµν tadpoleB∈[10] (p) =
i
(2f)2
∑
Q∈[8]
∫
ddk
(2pi)d
iµ4−dUV
k2 −m2Q + i
×
(
G
(χ,2)
BQ g
µν −GI,(S)BQ gµνk2 −GII,(S)BQ kµkν −G(V )BQ gµν/k(k · p)
)
.
(A.2)
respectively. Here, the summation is done over all mesons propagating in the loop and
the corresponding coefficients G
(χ,2)
BQ , G
(S)
BQ and G
(V )
BQ are collected in Table 3.4.
Dimensionaly regularised tensor integrals in (A.1) and (A.2) are reduced to the scalar
tadpole integral
IQ =
∫
ddk
(2pi)d
µ4−dUV
i
k2 −m2Q + i
(A.3)
73
via
i
∫
ddk
(2pi)d
µ4−dUV
k2
k2 −m2Q + i
= m2Q IQ, i
∫
ddk
(2pi)d
µ4−dUV
/k (k · p)
k2 −m2Q + i
= /p
m2Q
d
IQ,
i
∫
dd k
(2pi)d
µ4−d
kµkν
k2 −m2Q + i
= gµν
m2Q
d
IQ.
Having this, one gets for ΣtadpoleB∈[8] (p)
ΣtadpoleB∈[8] (p) =
1
(2f)2
∑
Q∈[8]
(
G
(χ,2)
BQ −G(S)BQm2Q −G(V )BQ /p
m2Q
d
)
IQ, (A.4)
and for Σµν tadpoleB∈[10] (p)
Σµν tadpoleB∈[10] (p) =
1
(2f)2
gµν
∑
Q∈[8]
(
G
(χ,2)
BQ −GI,(S)BQ m2Q −GII,(S)BQ
m2Q
d
−G(V )BQ
m2Q
d
/p
)
IQ
=
1
(2f)2
gµν
∑
Q∈[8]
(
G
(χ,2)
BQ −G(S)BQm2Q −G(V )BQ
m2Q
d
/p
)
IQ, (A.5)
with the abbreviation, used in the last line:
G
(S)
BQ ≡ GI,(S)BQ +
1
d
G
II,(S)
BQ for B ∈ [10]. (A.6)
Common problem for all fields with spin s = 1 are contributions to the self-energy from
non-leading spin components. These contributions result in non-pole terms in the self-
energy tensors and are not relevant for the calculation of mass corrections. By means of
an appropriate complete set of projectors (see e.g. [65, 79]), the spin-3/2 propagator Sµν
for decuplet baryons can be decomposed as in
Sµν(p) =
−1√
p2− ◦M [10] −Σ(p)
P µν3
2
(p) + (spin-1/2 contributions), (A.7)
with the explicit representation of the spin-3/2 projector in d dimensions
P µν3/2(p) =
(
gµν − p
µpν
p2
)
P+(p)− V µ(p)P−(p)V ν(p),
P± =
1
2
(
1± /p√
p2
)
, V µ(p) =
1√
d− 1
(
γµ − /pp
µ
p2
)
.
Having stated this and the relation tr
(
P µν3/2(p) gµν
)
= d(d−2)
2
, projection onto the spin-3/2
part of Σµν tadpoleB∈[10] yields finally
ΣtadpoleB∈[10] (p) =
2
d(d− 2)tr
(
P µν3/2(p) Σ
tadpole
B∈[10]µν(p)
)
=
1
(2f)2
∑
Q∈[8]
(
G
(χ,2)
BQ −G(S)BQm2Q −G(V )BQ
m2Q
d
/p
)
IQ. (A.8)
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A.2. Scale dependence of the chiral parameters
The running of the chiral couplings on the infrared and ultraviolet scales was discussed
in Section 3.1 in detail. The explicit expressions the coefficients ΓIR and ΓUV , as definied
in (3.7), for the Q2 and Q3 couplings were stated in Table 3.1. Here, these coefficient are
specified for the Q4 parameters:
ΓUVc0 =
2
27
(
9 (D2 − 15F 2) bD − 18DF bF + 11C2 dD
)
+
1
3
(
20 b0 + 12 bD
)
− 1
36
(
30 g
(S)
0 + 9 g
(S)
1 + 26 g
(S)
D
)
− 1
144
(
30 g
(V )
0 + 9 g
(V )
1 + 26 g
(V )
D
) ◦
M [8]
+
5
432
(
96 (D2 + 3F 2) + 55C2
) ◦
M
−1
[8] ,
ΓUVc1 = −
4
27
(
3 (13D2 + 9F 2) bD − 90DF bF − 5C2 dD
)
− 1
6
g
(S)
1 −
1
24
g
(V )
1
◦
M [8]
+
1
216
(
96 (D2 − 3F 2)− 25C2
) ◦
M
−1
[8] ,
ΓUVc2 =
4
9
(
3 (D2 + 9F 2) bD − 18DF bF − 4C2 dD
)
+
2
3
bD +
1
4
(
g
(S)
1 + g
(S)
D
)
+
1
16
(
g
(V )
1 + g
(V )
D
) ◦
M [8]
+
1
36
(
12 (D2 − 3F 2) + 25C2
) ◦
M
−1
[8] ,
ΓUVc3 =
4
9
(
12D2 bF + C
2 dD
)
+
2
3
bF +
1
4
g
(S)
F +
1
16
g
(V )
F
◦
M [8]
− 1
48
(
96DF + 25C2
) ◦
M
−1
[8] ,
ΓUVc4 =
2
27
(
3D2 (9 b0 + 8 bD)− 27F 2 (3 b0 + 8 bD) + 180DF bF + 2C2 (9 d0 + 8 dD)
)
+
44
9
bD − 1
18
(
9 g
(S)
1 + 13 g
(S)
D
)
− 1
72
(
9 g
(V )
1 + 13 g
(V )
D
) ◦
M [8]
− 2
27
(
21 (D2 − 3F 2) + 25C2
) ◦
M
−1
[8] ,
ΓUVc5 = −
2
27
(
6 (13D2 + 9F 2) bF + 90DF b0 + C
2 (15 d0 + 19 dD)
)
+
44
9
bF − 13
18
g
(S)
F −
13
72
g
(V )
F
◦
M [8]
+
13
216
(
96DF + 25C2
) ◦
M
−1
[8] ,
ΓUVc6 = −
2
27
(
3D2(26 b0 + 21 bD) + 3F
2 (18 b0 − 27 bD) + 90DF bF + C2 (42 d0 + 19 dD)
)
+
44
9
b0 − 1
108
(
66 g
(S)
0 − 27 g(S)1 − 8 g(S)D
)
− 1
432
(
66 g
(V )
0 − 27 g(V )1 − 8 g(V )D
) ◦
M [8]
+
1
432
(
896D2 − 576F 2 + 875C2
) ◦
M
−1
[8] ,
ΓUVe0 =
2
81
(
27C2 (bD − bF )− 5H2 dD
)
+
1
3
(
20 d0 + 6 dD
)
75
− 1
18
(
15 h˜
(S)
1 + 13 h˜
(S)
2 + 9 h˜
(S)
3
)
− 1
72
(
15h
(V )
1 + 13h
(V )
2 + 9h
(V )
3
) ◦
M [8]
+
1
432
◦
M
−1
[8]
(
81C2 + 196H2
)
,
ΓUVe1 =
4
27
(
9C2 bF + 5H
2 dD
)
− 1
3
h˜
(S)
3 −
1
12
h
(V )
3
◦
M [8]
+
1
216
◦
M
−1
[8]
(
27C2 − 56H2
)
,
ΓUVe2 = −
4
27
(
9C2 bD + 5H
2 dD
)
+
2
3
dD +
1
2
(
h˜
(S)
2 + h˜
(S)
3
)
+
1
8
(
h
(V )
2 + h
(V )
3
) ◦
M [8]
− 1
144
◦
M
−1
[8]
(
27C2 + 28H2
)
,
ΓUVe3 = −
2
81
(
27C2 (b0 + 2 bF ) + 5H
2 (9 d0 + 5 dD)
)
+
44
9
dD − 1
9
(
13 h˜
(S)
2 + 9 h˜
(S)
3
)
− 1
36
(
13h
(V )
2 + 9h
(V )
3
) ◦
M [8]
+
1
216
◦
M
−1
[8]
(
81C2 + 196H2
)
,
ΓUVe4 = −
2
81
(
27C2 (b0 + bD − bF ) + 25H2 d0
)
+
44
9
d0 − 1
54
(
33 h˜
(S)
2 − 4 h˜(S)2
)
− 1
216
(
33h
(V )
1 − 4h(V )2
) ◦
M [8]
− 7
81
◦
M
−1
[8] H
2 , (A.9)
and
ΓIRc0 = −
64
81
(
45D2(b2D + 3 b
2
F ) + 27F
2(5 b2D + 3 b
2
F ) + 324DF bD bF + 2C
2 d2D
)
− 16
27 f2
(
D2(5L5 − 36L7 − 22L8) + 18F 2 (5L5 + 12L7 − 6L8)
+C2 (11L5 + 96L7 + 54L8)
)
− 11
27
C2
( ◦
M
−2
[8] +8 dD
◦
M
−1
[8]
)
,
ΓIRc1 = −
128
81
(
9 (D2 − 3F 3)(b2D − 3 b2F )− 7C2 d2D
)
− 32
27 f2
(
6D2 − 18F 2 − C2) (L5 − 12L7 − 6L8)
+
2
27
C2
( ◦
M
−2
[8] −40 dD
◦
M
−1
[8]
)
,
ΓIRc2 = −
32
27
(
9 (D2 − 3F 2) (b2D − 3 b2F )− 324DF bD bF + 11C2 d2D
)
− 16
9 f2
(
3 (D2 − 3F 2) (L5 + 24L7 + 6L8) + 4C2 (L5 + 6L7)
)
− 4
9
C2
( ◦
M
−2
[8] −16 dD
◦
M
−1
[8]
)
,
ΓIRc3 = −
32
3
(
2 (5D2 + 9F 2) bD bF + 6DF (b
2
D − 3 b2F ) + C2 d2D
)
+
16
9 f2
(
6DF + C2
)(
3L5 + 24L7 + 2L8
)
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+
1
9
C2
(
3
◦
M
−2
[8] −16 dD
◦
M
−1
[8]
)
,
ΓIRc4 =
64
81
(
9 (D2 − 3F 2) (7 b2D − 3 b2F + 9 b0 bD) + 486DF b0 bF + C2 (2 d2D − 27 d0 dD)
)
+
32
27 f2
(
3 (D2 − 3F 2) (9L4 + 7L5 − 6 (3L6 − 4L7 + L8))
+ 2C2
(
9L4 + 2 (4L5 − 9L6 + 6L7 − 6L8)
))
+
16
27
C2
(
2
◦
M
−2
[8] −(9 d0 + 8 dD)
◦
M
−1
[8]
)
,
ΓIRc5 = −
64
27
(
9 (5D2 + 9F 2) b0 bF − 6DF (13 b2D − 9 b2F + 15 b0 bD) + C2 (2 d2D + 15 d0 dD)
)
− 32
27 f2
(
6DF + C2
) (
15L4 + 13L5 − 6 (5L6 − 4L7 + 3L8)
)
− 2
27
C2
(
13
◦
M
−2
[8] −4 (15 d0 + 19 dD)
◦
M
−1
[8]
)
,
ΓIRc6 = −
32
27
(
2D2 (45 b20 + 28 b
2
D − 18 b2F + 78 b0 bD) + 9F 2 (18 b20 − 4 b2D + 12 b0 bD)
+ 216DF b0 bF + 3C
2 (15 d20 + d
2
D + 6 d0 dD)
)
− 16
27 f2
(
4D2 (39L4 + 14L5 − 78L6 + 30L7 − 18L8) + 36F 2 (3L4 − L5 − 6L6 − 6L7)
+C2
(
84L4 + 35L5 − 6 (28L6 − 8L7 + 9L8)
))
− 1
27
C2
(
35
◦
M
−2
[8] −8 (42 d0 + 19 dD)
◦
M
−1
[8]
)
,
ΓIRe0 = −
32
243
(
81C2 (b2D + b
2
F − 2 bD bF ) + 5H2 d2D
)
− 16
81 f2
(27C2 + 35H2) (L5 − 2L8)
− 1
81
(
27C2 + 14H2
) ◦
M
−2
[8] +
8
3
C2 (bD − bF )
◦
M
−1
[8] ,
ΓIRe1 = −
64
243
(
27C2(b2D − 3 b2F )− 20H2 d2D
)
− 32
81 f2
(9C2 − 10H2) (L5 − 12L7 − 6L8)
− 2
81
(
9C2 − 4H2
) ◦
M
−2
[8] +
16
3
C2 bF
◦
M
−1
[8] ,
ΓIRe2 = +
32
81
(
27C2 (b2D − 3 b2F − 6 bD bF )− 35H2 d2D
)
+
16
27 f2
(
9C2 (L5 − 2L8) + 5H2 (L5 + 24L7 + 6L8)
)
+
1
27
(
9C2 + 2H2
) ◦
M
−2
[8] −
16
3
C2 bD
◦
M
−1
[8] ,
ΓIRe3 = −
64
243
(
81C2 (b2D − b2F + b0 bD + 3 b0 bF ) +H2 (135 d20 + 10 d2D)
)
− 32
81 f2
(
27C2 (L4 + L5 − 2L6 − 2L8) + 5H2 (9L4 + 7L5 − 18L6 + 24L7 − 6L8)
)
− 2
81
(
27C2 + 14H2
) ◦
M
−2
[8] −
8
3
C2 (b0 + 2 bF )
◦
M
−1
[8] ,
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ΓIRe4 = −
64
81
(
27C2 (b20 + b0 bD − b0 bF ) + 5H2 (6 d20 + d0 dD)
)
− 32
243 f2
(
81C2 (L4 − 2L6) + 5H2 (15L4 − 2L5 − 30L6 − 12L7)
)
+
8
243
H2
◦
M
−2
[8] −
8
3
C2 (b0 + bD − bF )
◦
M
−1
[8] . (A.10)
A.3. Finite terms
In the framework of the dimensional regularisation, ultraviolet divergencies manifest
themselves as pole terms in the scalar intergrals for d = 4. In the case of d-dependent
factors in front of the divergent integrals, the limiting process d→ 4 leads to finite terms.
The origin of such d-dependent factors is twofold. Firstly, such factors naturaly arise
in the process of the Passarino-Veltman reduction applied to the tensor integrals. The
second reason for the occurence of the d-dependent factors is the explicit d-dependence
of the spin-3/2 propagators.
For the case of interest in this section, only the scalar mesonic integral IQ needs to be
considered. E.g., for the one of the simplest case of the d-dependent factors in front of
IQ, it holds
1
d
IQ =
(
1
4
− d− 4
16
+O ((d− 4)2)) IQ = 1
4
IQ − 1
(4pi)2
m2Q
8
+O(d− 4). (A.11)
Such finite terms, expanded in powers of the quark masses, can be absorbed by a finite
number of the symmetry breaking counter terms and are not kept explicitly in the per-
turbative chiral expansion. This absorbtion, which amounts to a finite renormalisation
of the symmetry breaking couplings, is demonstrated in this section for the Q3 and Q4
one-loop corrections to the baryon self-energy.
Using the explicit expressions for the Q3 and Q4 one-loop corrections in d dimensions,
stated in [79] and Appendix A.1, respectively, the finite terms are easily worked out. It
holds for the finite part of the octet baryon self-energy:
Σfin.B∈[8](p) =
∑
Q∈[8],R∈[10]
(G(B)QR
2f
)2 [ 1
6MR
1
48pi2
(
3m4Q +
(
M2R − p2
)
m2Q
+
m2Q
M2R −m2Q
(
−m4Q + 2
(
M2R + p
2
)
m2Q −
(
M2R − p2
)2))
+ /p
1
12M2R p
2
1
96pi2
(
2m6Q + 7p
2m4Q − 4M2Rm4Q + 2
(
M4R − p4
)
m2Q
+
2m2Q
M2R −m2Q
(
m6Q − 3
(
M2R + p
2
)
m4Q +
(
3p4 + 3M4R + 2M
2
R p
2
)
m2Q
78
− (M2R − p2)2 (M2R + p2) ))
]
− 1
(2f)2
1
(4pi)2
1
8
∑
Q∈[8]
G
(V )
BQ /pm
4
Q, (A.12)
and for the finite part of the decuplet baryon self-energy:
Σfin.B∈[10](p) = −
∑
Q∈[8],R∈[8]
(G(B)QR
2f
)2 [MR
12p2
1
24pi2
((−m2Q +M2R − p2)m2Q
+
m2Q
M2R −m2Q
(
−m4Q + 2
(
M2R + p
2
)
m2Q −
(
M2R − p2
)2))
+
√
p2
1
24p4
1
24pi2
((
m4Q − 2
(
M2R + 2p
2
)
m2Q +M
4
R − p4
)
m2Q +
7p2m4Q
4
+
m2Q
M2R −m2Q
(
m6Q − 3
(
M2R + p
2
)
m4Q +
(
3M4R + 2p
2M2R + 3p
4
)
m2Q
− (M2R − p2)2 (M2R + p2)))
]
+
∑
Q∈[8],R∈[10]
(G(B)QR
2f
)2 [ 1
18MR p2
1
96pi2
p2
M2R −m2Q
(
− 15m6Q
+
(
47M2R + 22p
2
)
m4Q + 8
(
M4R − p4
)
m2Q
)
+
√
p2
1
36M2R p
4
1
96pi2
p2
M2R −m2Q
(
3
(
M2R + 3p
2
)
m6Q
− (M4R − 105M2R p2 + 8p4)m4Q
− 2 (M6R − p6 − 19M2R p2 (M2R − p2))m2Q)
]
.
1
(2f)2
1
(4pi)2
1
8
∑
Q∈[8]
(
G
(II,S)
BQ +G
(V )
BQ /p
)
m4Q. (A.13)
The finite renormalisations of the Q2 Q3 couplings by these expressions was summarised
in Table 3.1. Upon working out the next chiral order in the above expressions, the finite
renormalisation of the Q4 octet couplings read:
Γfin.c0 = −
1
81
C2
(517
32
◦
M
−1
[8] +22dD
)
− 1
288
(
30g
(V )
0 + 9g
(V )
1 + 26g
(V )
D
) ◦
M [8],
Γfin.c1 =
1
81
C2
(47
16
◦
M
−1
[8] −20dD
)
− 1
48
g
(V )
1 M[8],
Γfin.c2 = −
1
27
C2
(47
8
◦
M
−1
[8] −16dD
)
+
1
32
(
g
(V )
1 + g
(V )
D
) ◦
M [8],
Γfin.c3 =
1
27
C2
(141
32
◦
M
−1
[8] −4dD
)
+
1
32
g
(V )
F
◦
M [8],
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Γfin.c4 =
1
81
C2
(
47
◦
M
−1
[8] −4(9d0 + 8dD)
)
− 1
144
(
9g
(V )
1 + 13g
(V )
D
) ◦
M [8],
Γfin.c5 = −
1
81
C2
(611
16
◦
M
−1
[8] −2(15d0 + 19dD)
)
− 13
144
g
(V )
F
◦
M [8],
Γfin.c6 = −
1
81
C2
(1645
32
◦
M
−1
[8] −2(42d0 + 19dD)
)
− 1
864
(
66g
(V )
0 − 27g(V )1 − 8g(V )D
) ◦
M [8] . (A.14)
The corresponding coefficients Γfin. for the decuplet couplings e0,...4 are:
Γfin.e0 =
1
9
C2
(39
32
◦
M
−1
[8] +4(bD − bF )
)
− 1
27
H2
(91
8
◦
M
−1
[8] −
32
9
dD
)
− 1
144
[(
15h
(S)
2 + 13h
(S)
4 + 9h
(S)
6
)
+
(
15h
(V )
1 + 13h
(V )
2 + 9h
(V )
3
) ◦
M [8]
]
,
Γfin.e1 =
1
9
C2
(13
16
◦
M
−1
[8] +8bF
)
+
1
27
H2
(13
2
◦
M
−1
[8] −
64
3
dD
)
− 1
24
(
h
(S)
6 + h
(V )
3
◦
M [8]
)
,
Γfin.e2 = −
1
3
C2
(13
32
◦
M
−1
[8] +
8
3
bD
)
+
1
9
H2
(13
8
◦
M
−1
[8] +
64
9
dD
)
+
1
16
[(
h
(S)
4 + h
(S)
6
)
+
(
h
(V )
2 + h
(V )
3
) ◦
M [8]
]
Γfin.e3 =
1
3
C2
(13
16
◦
M
−1
[8] −
4
3
(b0 + 2bF )
)
− 1
27
H2
(91
4
◦
M
−1
[8] −
32
9
(9d0 + 5dD)
)
− 1
72
[(
13h
(S)
4 + 9h
(S)
6
)
+
(
13h
(V )
2 + 9h
(V )
3
) ◦
M [8]
]
,
Γfin.e4 = −
4
9
C2(b0 + bD − bF
)
+
1
81
H2
(13
2
◦
M
−1
[8] +
160
3
d0
)
− 1
432
[(
33h
(S)
2 − 4h(S)4
)
+
(
33h
(V )
1 − 4h(V )2
) ◦
M [8]
]
. (A.15)
A.4. Redundancy of the off-shell parameter Z
The description of the interacting spin-3/2 fields leads to the introduction of an addi-
tional off-shell parameter for each spin-3/2 field. The off-shell parameter describes to
which amount the lower-spin component of the field operator contribute to the physical
observables (see e.g. [69]). In the framework of the effective field theory these off-shell
parameters can be absorbed, independent of whether they can be fixed by theoretical
arguments or by fitting to the experemental data or not, by the contact interaction terms
which are of higher order in the energy expansion [86, 58]. This redundance can also be
understood in terms of a suitable field redefinition, which eliminates the contribution of
the lower-spin component in the original interaction at the cost of the introduction of
additional interaction terms [74].
In the following we consider a derivative coupling of a scalar spin-0 field φ to a spin-1/2
field ψ and a spin-3/2 Rarita-Schwinger field ψµ with a minimal number of derivatives.
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The associated masses are m, M and M 3
2
. We apply the ideas of Tang and Ellis in [86]
and generalize them to the SU(3) chiral version of this vertex and to the case of arbitrary
number of dimensions d1.
Starting with the tree-point vertex
L = C (ψ¯µΘµνψ ∂νφ+ h.c.), Θµν = gµν − 1
2
Zγµγν , (A.16)
(C is the dimensionful coupling, Z is the off-shell parameter) the s- and u-channel di-
agrams with the exchange of the spin-3/2 particle can be obtained by means of the
following effective four-point interaction:
Leff = −C2 ψ¯ΘµλSλσΘσνψ ∂µφ ∂νφ, (A.17)
with
Sµν =
−1
i/∂ −M 3
2
+ iε
(
gµν − 1
d− 1γµγν −
i
(d− 1)M 3
2
(γµ∂ν − γν∂µ)− d− 2
(d− 1)M23
2
∂µ∂ν
)
.
(A.18)
The spin-3/2 propagator in the coordinate space
iSµν(x− y) =
∫
d4k
(2pi)4
iSµνe
ik(x−y) (A.19)
satisfies the equation
ΛµσSσν(x− y) = −δ(4)(x− y) gµν , (A.20)
Λµν being the differential operator that determines the kinetic term of the spin-3/2 field
in the Lagrangian:
Λµν = −
(
i/∂ −M 3
2
)
gµν + i(γµ∂ν + γν∂µ)− γµ
(
i/∂ +M 3
2
)
γν . (A.21)
Using the property
γµSµν = Sνµγ
µ =
1
(d− 1)M 3
2
(
d− 2
M 3
2
i∂ν − γν
)
, (A.22)
and
ΘµλS
λσΘσν = Sµν − Z
2(d− 2)
4(d− 1)M23
2
(gµν − iσµν)i/∂ − Z(Zd− 4)
4(d− 1)M 3
2
(gµν − iσµν)
+
Z2(d− 2)
2(d− 1)M23
2
γµi∂ν − Z(d− 2)
2(d− 1)M23
2
(i∂νγµ + γνi∂µ), (A.23)
1The analysis can be carried out for other vertices linear in spin-3/2 fields
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the effective Lagrangian in (A.17) can now be written as
Leff = −C2 ψ¯Sµνψ ∂µφ∂νφ
+ R(S,T )
(
ψ¯ψ ∂µφ ∂µφ− ψ¯iσµνψ ∂µφ ∂νφ
)
+ R(/S, /T)
(
ψ¯i/∂ψ ∂µφ ∂µφ− ψ¯iσµνi/∂ψ ∂µφ ∂νφ
)
+
1
2
R(V )
(
ψ¯γµi∂νψ ∂
µφ ∂νφ+ h.c.
)
= −C2 ψ¯Sµνψ ∂µφ∂νφ
+
[
R(S,T ) +MR(/S, /T)
](
ψ¯ψ ∂µφ ∂µφ− ψ¯iσµνψ ∂µφ ∂νφ
)
+
1
2
R(V )
(
ψ¯γµi∂νψ ∂
µφ ∂νφ+ h.c.
)
+ R(/S, /T)
(
ψ¯(i/∂ −M)ψ ∂µφ ∂µφ− ψ¯iσµν(i/∂ −M)ψ ∂µφ ∂νφ
)
, (A.24)
with
R(S,T ) = C2
Z(Zd− 4)
4 (d− 1)M 3
2
, R(/S, /T) = C2
Z2(d− 2)
4 (d− 1)M23
2
,
R(V ) = −C2Z(Z − 2) (d− 2)
2 (d− 1)M23
2
. (A.25)
The Z-dependent terms in (A.24) can be absorbed by the Q2 interaction terms of the
form
L(2) = g(S)ψ¯ψ ∂µφ ∂µφ+ g(/S)ψ¯i/∂ψ ∂µφ ∂µφ
+ g(T )ψ¯iσµνψ ∂µφ ∂νφ+ g
(/T)ψ¯iσµνi/∂ψ ∂µφ ∂νφ
+
1
2
g(V )
(
ψ¯γµi∂νψ ∂
µφ ∂νφ+ h.c.
)
=
[
g(S) +Mg(/S)
]
ψ¯ψ ∂µφ ∂µφ+
[
g(T ) +Mg(/T)
]
ψ¯iσµνψ ∂µφ ∂νφ
+
1
2
g(V )
(
ψ¯γµi∂νψ ∂
µφ ∂νφ+ h.c.
)
+ g(/S)ψ¯(i/∂ −M)ψ ∂µφ ∂µφ+ g(/T)ψ¯iσµν(i/∂ −M)ψ ∂µφ ∂νφ. (A.26)
Upon the redefinition
g(S) → g(S) +Mg(/S), g(T ) → g(T ) +Mg(/T), (A.27)
the absorption of the dependence on the off-shell parameter Z in the vertex (A.16)
amounts to a finite renormalisation of the Q2 couplings in the above Lagrangian ac-
cording to
δg(S) = R(S,T ) +MR(/S, /T),
δg(V ) = R(V ),
δg(T ) = −
(
R(S,T ) +MR(/S, /T)
)
. (A.28)
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At one loop-level, the Z-dependent part in the contribution to the self-energy of the
spin-1/2 particle, ΣZ , calculated with (A.16), is Q4 and can be fully absorbed into the
contributions from the Q4 tadpole diagrams, Σ(4), calculated with (A.26). The explicit
form of the both contributions in dimensional regularisation is
ΣZ(p) =
∫
ddk
(2pi)d
iµ4−dUV
k2 −m2 + iε
[
C2 kµ Θ
µλSλσ(p− k)Θσν kν − C2 kµ Sµν(p− k) kν
]
= −
∫
ddk
(2pi)d
iµ4−dUV
k2 −m2 + iε
[
R(S)k2 +R(/S)/p k2 +R(V )/k(k · p)
]
= −
∫
ddk
(2pi)d
iµ4−dUV
k2 −m2 + iε
[
R(S) + /p
(
R(/S) +
1
d
R(V )
)]
m2,
= −
∫
ddk
(2pi)d
iµ4−dUV
k2 −m2 + iε
×
[(
R(S) +MR(/S) +
1
d
MR(V )
)
+ (/p−M)
(
R(/S) +
1
d
R(V )
)]
m2,
(A.29)
Σ(4)(p) = −
∫
ddk
(2pi)d
iµ4−dUV
k2 −m2 + iε
[
g(S)k2 + g(/S)(/p−M)k2 + g(V )/k(k · p)
]
= −
∫
ddk
(2pi)d
iµ4−dUV
k2 −m2 + iε
[
g(S) + g(/S)(/p−M) + /p1
d
g(V )
]
m2
= −
∫
ddk
(2pi)d
iµ4−dUV
k2 −m2 + iε
[(
g(S) +
1
d
Mg(V )
)
+ (/p−M)
(
g(/S) +
1
d
g(V )
)]
m2.
(A.30)
At one-loop level we observe that the expressions (A.29) and (A.30) preclude one from
drawing the conclusions about the renormalisation of each coupling constant in (A.26)
separately. However, it is possible, as expected, to absorb all the Z-dependence into the
tadpole contributions in Σ(4) in complience with the results in (A.28).
The results in (A.24) and (A.28) are generalised to the SU(3) invariant interaction by
mapping the flavour structure in the SU(3) version of (A.24) to the flavour basis defining
the flavour structures of the Q2 terms stated in Section 1.4. It holds:
δg
(S)
0 =
4
3
(
R(S,T ) +R(/S, /T)
)
, δg
(S)
1 = −
1
3
(
R(S,T ) +R(/S, /T)
)
,
δg
(S)
D = −
(
R(S,T ) +R(/S, /T)
)
, δg
(S)
F = R
(S,T ) +R(/S, /T), (A.31)
δg
(V )
0 =
4
3
R(V ), δg
(V )
1 = −
1
3
R(V ),
δg
(V )
D = −R(V ), δg(V )F = R(V ), (A.32)
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δg
(T )
1 = R
(S,T ) +R(/S, /T), δg
(T )
D = −
(
R(S,T ) +R(/S, /T)
)
,
δg
(T )
F = −
1
3
(
R(S,T ) +R(/S, /T)
)
. (A.33)
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Appendix B.
SU(3) group theory
The importance of the SU(3) Lie-group in physics is subject of many textbooks (see
e.g. [33, 59, 44]). In this chapter the main properties of the generators of the group
transformations are summarised1. Furthermore, the decomposition of the product of two
arbitrary SU(3) octets is discussed.
The main properties of the generators of the SU(3) group
ta =
1
2
λa, (a = 1, . . . 8), (B.1)
λa being the Gell-Mann matrices
λ1 =
 0 1 01 0 0
0 0 0
 , λ2 =
 0 −i 0i 0 0
0 0 0
 , λ3 =
 1 0 00 −1 0
0 0 0
 ,
λ4 =
 0 0 10 0 0
1 0 0
 , λ5 =
 0 0 −i0 0 0
i 0 0
 , λ6 =
 0 0 00 0 1
0 1 0
 ,
λ7 =
 0 0 00 0 −i
0 i 0
 , λ8 = 1√
3
 1 0 00 1 0
0 0 −2
 , (B.2)
are
ta† = ta, tr(ta) = 0, tr(tatb) =
1
2
δab,
[ta, tb] = ifabc tc, {ta, tb} = 1
3
δab + dabc tc. (B.3)
From this, one obtains for the product of two generators
tatb =
1
6
δab +
1
2
(
dabc + ifabc
)
tc, (B.4)
1For further relations we refer to the mentioned textbooks or to [13].
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and the d- and f -symbols of the SU(3) group are given by
dabc = 2 tr
(
ta {tb, tc}) , fabc = −2i tr (ta [tb, tc]) . (B.5)
In general, tensors or products of them are reducible in the sence that they can be
further decomposed into components, which transforms under different irreducible rep-
resentations of the symmetry group. Irreducible representations can be specified by the
dimension of the multiplet - orthonormal basis of the support of the representation.
Working with the effective quark operators in Sections 2.3.1 and 2.3.2 it is more appropri-
ate to use SU(3) flavour octets described by a single adjoint index a = 1, . . . 8 instead of
the indices i, j = 1, 2, 3 that are used to label vectors transforming under the fundamental
representation. Given a general octet tensor Oji, the connection is established via:
Oa = (ta)ij O
j
i, and O
i
j = 2O
a (ta)ij. (B.6)
In the following, the decomposition of the product of two arbitrary octets, Aij and B
i
j, is
discussed. It holds:
8⊗ 8 = 1⊕ 8S ⊕ 8A ⊕ 10⊕ 10⊕ 27. (B.7)
The singlet, 1, is obtained by contracting all indices:
S = AilB
l
i = 4A
aBb tr(tatb) = 2AaBa. (B.8)
The symmetric octet, 8S, in the product of two octets:
Dij = A
i
kB
k
j +B
i
kA
k
j −
2
3
δij A
k
lB
l
k = 4A
aBb {ta, tb}ij −
2
3
δij 4A
aBb tr(tatb)
= 4AaBb
(1
3
δab + dabc tc
)i
j
− 2
3
δij 4A
aBb
1
2
δab = 4AaBb dabc (tc)ij. (B.9)
The symmetric octet, described by a single adjoint index, is given by
Dc = (tc)ij D
j
i = 2d
abcAaBb = dabc(AaBb + AbBa). (B.10)
Similar for the antisymmetric octet, 8A:
F ij = A
i
kB
k
j −BikAkj = 4AaBb [ta, tb]ij = 4AaBb ifabc (tc)ij, (B.11)
and
F c = (tc)ij F
j
i = 2if
abcAaBb = ifabc(AaBb − AbBa). (B.12)
Decuplet and antidecuplet tensors in the product of two octets are:
T ijk = AilB
j
m
klm + perm(ijk), Tijk = A
l
iB
m
j klm + perm(ijk). (B.13)
Another way to represent decuplet and anti-decuplet tensors uses the fact, that the totaly
antisymmetric tensor of SU(3), εijk = εijk, carries three indices. A pair of upper indices
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in which the tensor is antisymmetric can be always traded for one lower index using an
epsilon-tensor and similarly for the lower indices. It holds:
T
(ij)
[lm] = A
i
lB
j
m + A
j
lB
i
m − AimBjl − AjmBil
− 1
3
(
δilF
j
m − δimF jl + δjl F im − δjmF il
)
,
T
[ij]
(lm) = A
i
lB
j
m + A
i
mB
j
l − AjlBim − AjmBil
− 1
3
(−δilF jm − δimF jl + δjl F im + δjmF jl ) . (B.14)
Here, the round and square brackets on T indicate the symmetrisation and the antisym-
metrisation of the indices, respectively, and the subtraction of F ’s, defined in (B.11), is
required to make the tensors traceless. Converting the sum of these multiplets, 10 + 1¯0,
T
(ij)
[lm] + T
[ij]
(lm) = 2
(
AilB
j
m − AjmBil −
1
3
(
δjl F
i
m − δimF jl
) )
, (B.15)
to an object with two adjoint indices yields upon a short calculation:
T ab = (ta)li (t
b)mj
(
T
(ij)
[lm] + T
[lm]
(ij)
)
= 2
(
AaBb − AbBa − 2
3
fabcf cdeAdBe
)
. (B.16)
Finally, 27 in AilB
j
m is obtained by symmetrizing upper and lower indices and by making
this tensor traceless:
I
(ij)
(lm) = A
i
lB
j
m + A
j
lB
i
m + A
i
mB
j
l + A
j
mB
i
l
− 1
5
(
δilD
j
m + δ
j
lD
i
m + δ
i
mD
j
l + δ
j
mD
i
l
)− 1
6
(
δilδ
j
m + δ
j
l δ
i
m
)
S. (B.17)
Here, the subtracted terms contain the symmetric octet and singlet tensors, defined in
(B.9) and (B.8), respectively. The 27-plet, described by two adjoint indices, is given by
Iab = (ta)lj (t
b)mj I
(ij)
(lm) = 2
(
AaBb + AbBa − 6
5
dabcdcghAgBh − 1
4
δabAcBc
)
. (B.18)
• • •
We summarise the results of this section in a form, which is well suited for the dis-
cussion of the identities for the effective quark operators in Appendix G.
In general, a tensor with two adjoint flavour indices, χab, can be decomposed into sym-
metric and antisymmetric parts:
χab =
1
2
(
χab+ + χ
ab
−
)
. (B.19)
Further decomposition of these parts into the different multiplets is obtained by using
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the results in (B.8, B.10, B.12, B.16, B.18):
χab+ =
1
8
δab χcc+ +
3
5
dabcdcgh χgh+ +
(
χab+ −
1
8
δab χcc+ −
3
5
dabcdcgh χgh+
)
=
1
8
δab χ1 +
3
5
dabc χc8S + χ
ab
27,
χab− =
1
3
fabcf cgh χgh− +
(
χab− −
1
3
fabcf cgh χgh−
)
=
1
3
fabc χc8A + χ
ab
1¯0+10, (B.20)
with the symmetric components
χ1 = χ
cc
+ , χ
c
8S
= dabc χab+ , χ
ab
27 = χ
ab
+ −
1
8
δab χcc+ −
3
5
dabcdcgh χgh+ , (B.21)
and with the antisymmetric components
χc8A = f
abc χab− , χ
ab
1¯0+10 = χ
ab
− −
1
3
fabcf cgh χgh− . (B.22)
88
Appendix C.
Interaction
When dealing with effective field theories, where the degrees of freedom are described
by SU(3) flavour tensors1, one is confronted with the problem of finding the minimal
number of linearly independent SU(3)-invariant terms. This number is obtained by
counting the singlets in the decomposition of the outer product of the SU(3) tensors
under consideration. To determine the terms themselves, a general method for octets
only was formulated in [24].
The first section of this appendix presents group theoretical methods, similar in spirit to
[24], for the construction of flavour structures that are needed to fully describe the Q2
four-point meson-baryon interaction which is stated in Section 1.4.2. Results obtained
for this vertex are then applied with small modifications to the construction of Q4-terms
in Section 1.4.3 that break the chiral symmetry explicitly. The analysis is carried out for
octet and decuplet baryons.
The second section discusses transformation properties under charge conjugation of the
building blocks of the four-point meson-baryon interaction.
C.1. SU(3)-invariants
Following [24], in order to determine the invariant terms for a vertex containing n octets
O =
∑
a o
a
i λ
(a), (i = 1, . . . n), one constructs a set of independent tensors of rank n
and contract them with oai to obtain singlets. To be more definite, we consider first the
familiar case of the three-point meson-baryon vertex B¯BΦ. The octets – the antibaryon
matrix B¯, the baryon matrix B and the meson matrix Φ – are given by
B¯ =
1√
2
b¯aλa, B =
1√
2
baλa, and Φ = φaλa, (C.1)
respectively. There are only two linearly independent tensors of the 3rd-rank – dabc and
fabc. SU(3)-invariant terms are obtained by contracting the open indices on these tensors
with the open indices on octets in (C.1):
b¯abbφc dabc ∼ tr(B¯[B,Φ]+), b¯abbφc fabc ∼ tr(B¯[B,Φ]−), (C.2)
1The discussion here, though applicable to an arbitrary number of flavours NF , is limited to NF = 3.
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Another way to obtain these terms is the explicit construction of all possible singlet
contractions. The decomposition of the product of three octets is
8⊗ (8⊗ 8) = 8⊗ (1⊕ 8S ⊕ 8A ⊕ 10⊕ 10⊕ 27). (C.3)
Contractions leading to a singlet are easily obtained by using the explicit expressions for
the multiplets on the right hand side. The only invariant terms stem from the contractions
of 8 with 8A and 8S to a singlet:
B¯ij
(
BjkΦ
k
i − ΦjkBki
)
= tr
(
B¯[B,Φ]−
)
,
B¯ij
(
BjkΦ
k
i + Φ
j
kB
k
i −
2
3
δijB
l
kΦ
k
l
)
= tr
(
B¯([B,Φ]+
)
. (C.4)
We turn to the discussion of the flavour structure of the four-point interaction introduced
in Section 1.4.2. Flavour structures of all invariant interaction terms containing octet
baryons and mesons are obtained from the study of the product of four octets:
(8⊗ 8)⊗ (8⊗ 8) = (1⊕ 8S ⊕ 8A ⊕ 10⊕ 10⊕ 27)⊗ (1⊕ 8S ⊕ 8A ⊕ 10⊕ 10⊕ 27). (C.5)
There are 8 singlets in this product:
[(8⊗ 8)⊗ (8⊗ 8)]singlets = [1⊗ 1]singlet ⊕ [8S,A ⊗ 8S,A]singlet ⊕ [10⊗ 1¯0]singlet
⊕ [1¯0⊗ 10]singlet ⊕ [27⊗ 27]singlet. (C.6)
The SU(3)-invariant terms are:
[1⊗ 1]singlet : tr(B¯B)tr(Φ1Φ2),
[8S ⊗ 8S ]singlet : tr([B¯, B]+ [Φ1,Φ2]+) = tr(B¯[[Φ1,Φ2]+, B]+),
[8S ⊗ 8A]singlet : tr([B¯, B]+ [Φ1,Φ2]−) = tr(B¯[[Φ1,Φ2]−, B]+),
[8A ⊗ 8S ]singlet : tr([B¯, B]− [Φ1,Φ2]+) = −tr(B¯[[Φ1,Φ2]+, B]−),
[8A ⊗ 8A]singlet : tr([B¯, B]− [Φ1,Φ2]−) = −tr(B¯[[Φ1,Φ2]−, B]−),
[10⊗ 1¯0]singlet :(
B¯ilB
j
mε
klm
)sym(klm) (
Φo1 iΦ
p
2 jεijk
)
sym(kop)
= −6 tr(B¯[[Φ1,Φ2]−, B]−)
+18
(
tr(B¯Φ1)tr(Φ2B)− tr(B¯Φ2)tr(Φ1B)
)
+ 18
(
tr(B¯Φ1BΦ2)− tr(B¯Φ2BΦ1)
)
,
[1¯0⊗ 10]singlet :(
B¯liB
m
j εklm
)
sym(klm)
(
Φ1 io Φ
2 j
p ε
ijk
)sym(kop)
= −6 tr(B¯[[Φ1,Φ2]−, B]−)
+18
(
tr(B¯Φ1)tr(Φ2B)− tr(B¯Φ2)tr(Φ1B)
)− 18 (tr(B¯Φ1BΦ2)− tr(B¯Φ2BΦ1)) ,
[27⊗ 2¯7]singlet :
(B¯ilB
j
m)
sym(ij)
sym(lm) (Φ
l
1 iΦ
m
2 j)
sym(lm)
sym(ij) = 4 tr(B¯B)tr(Φ1Φ2)− 4 tr(B¯[Φ1,Φ2]+, B]+)
+8
(
tr(B¯Φ1)tr(BΦ2) + tr(B¯Φ2)tr(BΦ1)
)
. (C.7)
90
It should be stressed at this point, that the given contractions here do not always repre-
sent pure multiplets. Those would be obtained by additional subtractions of the singlet
components, 1, in the symmetric octet contractions, 8S, and of the 1 and 8S in the 27-
plet contractions (see Appendix B for further explanations). For the sake of a more clear
representation, such subtractions were not shown in (C.7) explicitly. Though the expres-
sions on the r.h.s in (C.7) do not reflect the group structure exactly, building of the chiral
Lagrangian out of them is fully sufficient, since they contain all relevant SU(3)-invariant
flavour contractions.
From (C.7), the minimal set of terms which provide a complete basis in the flavour space
for the B¯BΦ1Φ2 vertex is readily written down:
tr(B¯B) tr(Φ1Φ2), tr
(
B¯ [[Φ1,Φ2]±, B]+
)
, tr
(
B¯ [[Φ1,Φ2]±, B]−
)
,
tr(B¯Φ1) tr(Φ2B)± tr(B¯Φ2) tr(Φ1B),
tr(B¯Φ1BΦ2)− tr(B¯Φ2BΦ1). (C.8)
The forgoing discussion is easily extended to the analogous four-point interaction contain-
ing the decuplet baryons. We discuss first the SU(3)-invariant terms in the product
(10⊗ 10)⊗ (8⊗ 8) = (1⊕ 8⊕ 27⊕ 64)⊗ (1⊕ 8S ⊕ 8A ⊕ 10⊕ 10⊕ 27). (C.9)
The singlets in this product are2[
(10⊗ 10)⊗ (8⊗ 8)]
singlets
= [1⊗ 1]singlet ⊕ [8⊗ 8S ]singlet ⊕ [8⊗ 8A]singlet ⊕ [27⊗ 27]singlet. (C.11)
To simplify the notation in the following, we abbreviate various flavour contractions in
the products of octets, decuplets and anti-decuplets as in
Φm1 l Φ
l
2 k ≡ (Φ1 · Φ2)mk , Φj1 lΦk2m ≡ bΦ1 · Φ2ejklm Φjm Φkn εmnl ≡ 〈Φ · Φ〉jkl,
∆¯ijk∆
ijm ≡ (∆¯ ·∆)mk , ∆¯ijk∆ilm ≡ b∆¯ ·∆elmjk , ∆¯ijkBil ≡ 〈∆¯ ·B〉jkl.
∆¯ijkΦ
i
lε
jlm ≡ (∆¯ · Φ)mk , ∆¯ijkBlmεkmn ≡ b∆¯ ·Belnij ,
∆ijmΦliεjlk ≡ (Φ ·∆)mk , (C.12)
The ( · )-product of two octets in the above expressions corresponds to the usual matrix
multiplication.
2Another way to look for invariant terms is to write down first all possible tensors build out of one
baryon and one meson tensors, and then to combine them to singlets (interchange of 10 and 8 in (C.9)):[
(10⊗ 8)⊗ (10⊗ 8)]
singlets
=
[
(8⊕ 10⊕ 27⊕ 35)⊗ (8⊕ 10⊕ 27⊕ 35)]
singlets
= [8⊗ 8]singlet ⊕ [10⊗ 10]singlet ⊕ [27⊗ 27]singlet ⊕ [35⊗ 35]singlet. (C.10)
These singlet contractions don’t lead to any new invariant terms since they can be rewritten
with the help of the contractions in (C.9).
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From (C.11) four possible SU(3)-invariant contractions are obtained:
[1⊗ 1]singlet :
(∆¯ijk ∆
ijk) (Φl1m Φ
m
2 l) = tr(∆¯ ·∆) tr(Φ1 · Φ2),
[8⊗ 8S ]singlet :
(∆¯ijk ∆
ijl) (Φk1m Φ
m
2 l + Φ
k
2m Φ
m
1 l) = (∆¯ ·∆)lk {Φ1, Φ2}kl = tr
(
(∆¯ ·∆) {Φ1,Φ2}
)
,
[8⊗ 8A]singlet :
(∆¯ijk ∆
ijl) (Φk1m Φ
m
2 l − Φk2m Φm1 l) = (∆¯ ·∆)lk [Φ1, Φ2]kl = tr
(
(∆¯ ·∆) [Φ1,Φ2]
)
,
[27⊗ 27]singlet :
(∆¯ijk ∆
ilm) (Φj1 l Φ
k
2m)
sym(jk)
sym(lm) = 2 tr
(b∆¯ ·∆ebΦ1 · Φ2e)+ 2 tr (b∆¯ ·∆ebΦ2 · Φ1e) . (C.13)
Again, the given contractions here do not always represent pure multiplets. Those would
be obtained by additional subtractions. As an example, we mention the contractions of
the baryonic tensors. For the 8, the singlet component needs to be subtracted:
8−plet = ∆¯ijk∆ijl − 1
3
δlk ∆ijm∆
ijm = (∆¯ ·∆)lk −
1
3
δlk tr(∆¯ ·∆). (C.14)
Given the totally symmetric tensor Rlmjk ≡ ∆¯ijk∆ilm, the 27-plet is obtained upon sub-
traction of the 1 and 8 in Rlmjk :
27− plet = Rlmjk −
1
3
δmk R
lo
jo −
1
9
δmk δ
l
j R
op
op
= b∆¯ ·∆elmjk −
1
3
δmk (∆¯ ·∆)lj −
1
9
δmk δ
l
j tr(∆¯ ·∆). (C.15)
The contractions in the last line in (C.13) can be rewritten by means of the simple
algebraical identity
tr
(
(∆¯ · Φ1)(Φ2 ·∆)
)
= ∆¯ijk ∆
nok Φi1 l Φ
p
2n (δ
j
oδ
l
p − δjpδlo)
= ∆¯ijk ∆
njk Φi1 p Φ
p
2n − ∆¯ijk ∆nlk Φi1 l Φj2n
= tr
(
(∆¯ ·∆)(Φ1 · Φ2)
)− tr(b∆¯ ·∆ebΦ1 · Φ2e). (C.16)
Using this ”Fierz-like“-identity we observe, that the flavour-structure in the SU(3)-
invariant vertex (C.11) can be completely furnished by3
tr(∆¯ ·∆)tr(Φ1 · Φ2), tr
(
(∆¯ ·∆)[Φ1,Φ2]±
)
,
tr
(
(∆¯ · Φ1)(Φ2 ·∆)
)
+ tr
(
(∆¯ · Φ2)(Φ1 ·∆)
)
. (C.18)
3 Note, that the obvious antisymmetric version of the last line in (C.18) can be rewritten with the
help of the structure already included:
tr
(
(∆¯ · Φ1)(Φ2 ·∆)
)− tr((∆¯ · Φ1)(Φ2 ·∆)) = tr((∆¯ ·∆)[Φ1,Φ2]−). (C.17)
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Similar steps have to be performed for the construction of the vertex ∆¯BΦ1Φ2. The
singlets in the product of these four tensors are given by[
(10⊗ 8)⊗ (8⊗ 8)]
singlets
=
[
(8⊕ 10⊕ 27⊕ 35)⊗ (1⊕ 8S ⊕ 8A ⊕ 10⊕ 10⊕ 27)
]
singlets
= [8⊗ 8S ]singlet ⊕ [8⊗ 8A]singlet ⊕ [10⊗ 10]singlet ⊕ [27⊗ 27]singlet. (C.19)
The invariant flavour-contractions in this case are
[8⊗ 8S ]singlet :
(∆¯ijk B
i
l ε
jlm) (Φk1n Φ
n
2m + Φ
k
2n Φ
n
1m) = tr
(
(∆¯ ·B) {Φ1,Φ2}
)
,
[8⊗ 8A]singlet :
(∆¯ijk B
i
l ε
jlm) (Φk1n Φ
n
2m − Φk2n Φn1m) = tr
(
(∆¯ ·B) [Φ1,Φ2]
)
,
[10⊗ 10]singlet :
(∆¯ijk B
i
l )sym(jkl) (Φ
j
1m Φ
k
2n ε
nop)sym(jkl)
= 12 tr
(〈∆¯ ·B〉 〈Φ1 · Φ2〉)+ 6 (tr ((∆¯ · Φ1)(B · Φ2))− tr ((∆¯ · Φ2)(B · Φ1)))
= 12 tr
(
(∆¯ ·B) [Φ1,Φ2]
)− 36 (tr ((∆¯ · Φ1)(Φ2 ·B))− tr ((∆¯ · Φ2)(Φ1 ·B))) ,
[27⊗ 27]singlet :
(∆¯ijk B
l
m ε
kmn)sym(ln) (Φi1 lΦ
j
2n)
sym(ij)
sym(ln)
= 4
(
tr
(b∆¯ ·BebΦ1 · Φ2e)+ tr (b∆¯ ·BebΦ2 · Φ1e)) . (C.20)
In rewriting the contractions in the 10⊗10-product, the first step is obvious. The second
step is done via Fierz-like relations, which are not so obvious at the first sight:
tr(〈∆¯ ·B〉〈Φ1 · Φ2〉) = −tr
(
(∆¯ · Φ1)(B · Φ2)
)
+ tr
(
(∆¯ · Φ2)(B · Φ1)
)
tr
(
(∆¯ ·B)[Φ1,Φ2]
)
= tr
(
(∆¯ · Φ1)(B · Φ2)
)− tr((∆¯ · Φ2)(B · Φ1))
+ 2
(
tr
(
(∆¯ · Φ1)(Φ2 ·B)
)− tr((∆¯ · Φ2)(Φ1 ·B))) . (C.21)
By using further relations
tr
(
(∆¯ · Φ2)(Φ1 ·B)
)
= −tr (b∆¯ ·BebΦ1 · Φ2e) ,
tr
(〈∆¯ · Φ2〉〈Φ1 ·B〉) = −tr (〈∆¯ ·B〉〈Φ1 · Φ2〉) ,
tr
(b∆¯ · Φ2e bΦ1 ·Be) = −tr ((∆¯ ·B) (Φ1 · Φ2)) , (C.22)
one observes, that the interchange of the octets B and Φ in (C.20) doesn’t lead to any
new flavour structures. In this work, the contractions
tr
(
(∆¯ ·B) [Φ1,Φ2]±
)
, tr
(
(∆¯ · Φ1) (Φ2 ·B)
)± tr ((∆¯ · Φ2) (Φ1 ·B)) (C.23)
are chosen to construct the complete basis in the flavour space for the vertex with the
flavour structure as in (C.11).
93
• • •
Construction of the symmetry breaking part of the chiral Lagrangian proceeds along
the same path. The parameter of the symmetry breaking, χ0, transforms as 1⊕8. Terms
of the chiral order Q4, which are subject of Section 1.4.3, are obtained by building all
possible contractions of baryon tensors with two powers of χ0. For the octet baryons the
minimal set of independent terms is obtained from the singlets in the product:
8⊗ 8⊗ (1⊕ 8)⊗ (1⊕ 8). (C.24)
It holds:
tr
(
B¯B
)
tr(χ20), tr
(
B¯ [[χ0, χ0]+, B]±
)
, tr
(
B¯χ0
)
tr (χ0B) ,
tr
(
B¯ [χ0, B]±
)
tr(χ0), tr
(
B¯B
)
(tr(χ0))
2 . (C.25)
Here, the first line corresponds to the contractions in (C.8), where both mesonic octets
are replaced by χ0 (only symmetric components survive). The additional contractions in
the second line are possible due to the singlet component in χ0 (tr(χ0) 6= 0). Similar for
the decuplet baryons, the singlets in the product
1¯0⊗ 10⊗ (1⊕ 8)⊗ (1⊕ 8) (C.26)
lead to
tr
(
∆¯ ·∆) tr (χ20) , tr ((∆¯ ·∆) [χ0, χ0]+) , tr ((∆¯ · χ0) (χ0 ·∆)) ,
tr
(
(∆¯ ·∆)χ0
)
tr (χ0) tr
(
∆¯ ·∆) (tr(χ0))2 . (C.27)
There is another complete set of independent flavour contractions, that is frequently used
in the literature (see e.g. [12, 60]) and that partially differs from the set in (C.25). Terms,
used in the cited works, which don’t explicitly occur in (C.25), are maped onto the basis
introduced here as follows:
tr
(
B¯ [χ0, [χ0, B]−]−
)
=
1
2
tr
(
B¯[[χ0, χ0]+, B]+
)− 2 tr (B¯χ0Bχ0) ,
tr
(
B¯ [χ0, [χ0, B]+]−
)
=
1
2
tr
(
B¯[[χ0, χ0]+, B]−
)
,
tr
(
B¯ [χ0, [χ0, B]+]+
)
=
1
2
tr
(
B¯[[χ0, χ0]+, B]+
)
+ 2 tr
(
B¯χ0Bχ0
)
,
with
tr
(
B¯χ0Bχ0
)
= −1
2
tr(B¯B) (tr(χ0))
2 +
1
2
tr(B¯B) tr(χ20) + tr
(
B¯ [χ0, B]+
)
tr(χ0)
− 1
2
tr
(
B¯[[χ0, χ0]+, B]+
)
+ tr
(
B¯χ0
)
tr (Bχ0) .
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Γ pΓ cΓ hΓ
1 0 0 0
γ5 1 0 1
γµ 0 1 0
γ5γµ 1 0 0
σµν 0 1 0
Table C.1.: Transformation properties of the elements of the Clifford-algebra.
C.2. Charge conjugation
In this section the transformation properties of field operators under charge conjugation
are discussed. The discussion is extended to objects carrying SU(3) flavour indices. The
main focus is put on the four-point interaction introduced in Section 1.4.2.
A scalar field is transformed under charge conjugation, up to a phase ξ with ξ2 = 1, to
its complex conjugated partner:
φ
C→ φc = ξ φ∗. (C.28)
In addition to the complex conjugation, charge conjugation of fermions takes care of the
spinor structure via
ψc = Cγ0ψ
∗ = Cψ¯T , ψ¯c = (ψ†γ0)c = ψTC, (C.29)
with the charge conjugation matrix in the Dirac representation
C = iγ2γ0 = −C−1 = −C† = −CT , CC† = 1, C2 = −1. (C.30)
Fermion bilinears, constructed using an arbitrary element of the Clifford-algebra
Γ ∈ 1, γ5, γµ, γ5γµ, σµν , (C.31)
transform as follows:
ψ¯Γψ
C→ ψT (CΓC) ψ¯T = −ψ¯ (CΓC)T ψ = −ψ¯ CTΓT CT ψ = ψ¯ CΓTC−1 ψ
= (−1)cΓ ψ¯ Γψ. (C.32)
The change of the sign in the last step is due to the interchange of the fermion fields.
Furthermore, the coefficients cΓ are defined via
CΓC−1 = (−1)cΓ ΓT , (−1)cΓ Γ = C ΓC−1. (C.33)
To distinguish the different transformation behaviour of vectors building the basis of the
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fundamental and conjugated representations of SU(N), one introduces contra- and co-
variant indices, respectively. In the SU(3) flavour symmetry group of strong interactions,
the contra- and covariant indices label the different flavours of quarks and antiquarks,
respectively. Charge conjugation interchanges particles and antiparticles. Therefore, the
generalisation of this operation to SU(3)-tensors is obtained by the interchange of the
co- and contravariant indices. For the mesonic octet one has:
Φij
c.c.→ Φji = (ΦT )ij, (C.34)
which one immediately expects by looking at the explicit form of the matrix Φ in (1.24).
By expressing the meson matrix Φ as a function of neutral scalar fields with φc = ξ φ
Φij =
∑
a
(λ(a))ij φa
C→
∑
a
(λ(a))ij ξaφ
a ∗ =
∑
a
(λ(a))ij ξaφ
a, (C.35)
we note, that the charge conjugation parities ξa have to be chosen in an appropriate way
as to guarantee4
λ(a) ξa
!
= λ(a)
T
. (C.36)
Similar for the components of the baryon matrix B:
Biα j
C→ CαβB¯jβ i, B¯iα j C→ Bjβ iCβα, (C.37)
or in the (flavour-)matrix form:
Bα
C→ CαβB¯Tβ , and B¯α C→ BTβ Cβα. (C.38)
By writting out the spinor-indices (greek letters) explicitly, the tranposition T in the
above relation takes care of the flavour indices only. The transformation of the spinors
structure of Bij is done as for the single fermionic field in (C.29).
Similar, the transformation of (anti-)decuplet tensor-fields is given by5:
∆ijkα
C→ Cαβ ∆¯β ijk, and ∆¯α ijk C→ ∆ijkβ Cβα. (C.39)
We check the transformation behaviour of some building blocks which are used in the
course of the construction of the four-point chiral interaction. Adopting the compact
notation of [57], we denote in this section the commutator and the anticommutator of
two mesonic octets by (Φ1,Φ2). Transformation of this object under charge conjugation
is given by
(Φ1,Φ2)
C→ (−1)cΦ(Φ1,Φ2)T , with cΦ ≡
{
+1 if anticommutator,
−1 if commutator. (C.40)
4Actually, constructing the matrix Φ in the form as shown in (1.24), the correspondence of the
Cartesian to the physical fields and the choose of phases is done in such a way, that Φ
c.c.→ ΦT , is valid.
See e.g. [33].
5Lorentz-indices of the spin-3/2 fields are omitted troughout this section.
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An octet, built out of a baryonic anti-decuplet and a mesonic octet, transforms as6
(∆¯α · Φ)mk = ∆¯α ijk Φil εjlm C→ ∆ijkρ Cρα Φli εjlm = (Φ ·∆ρ)kmCρα, (C.41)
or in the matrix notation:
(∆¯α · Φ) C→ (Φ ·∆ρ)T Cρα. (C.42)
Similar, combinations of the (anti-)decuplet tensor with a baryonic octet transform as
(∆¯ · ΓB) C→ (−1)cΓ (B¯ · Γ∆)T , and (B¯ · Γ ∆) C→ (−1)cΓ (∆¯ · ΓB)T . (C.43)
Having stated the transformation properties of the building blocks, several SU(3) invari-
ants, which are used to set up the flavour basis in (C.8), (C.18) and in (C.23), can be
checked now. Invariants in the product of four octets transform as7:
tr
(
B¯ΓB
)
tr (Φ1Φ2)
C→ (−1)cΓ tr (B¯ΓB) tr (Φ1Φ2) , (C.44)
tr
(
B¯Φ1
)
Γ tr (Φ2B)
C→ (−1)cΓ tr (B¯Φ2)Γ tr (Φ1B) ,
tr
(
B¯ [(Φ1,Φ2), B]±
) C→ (−1)cΓ+cΦ tr (B¯ [(Φ1,Φ2), B]±) , (C.45)
tr
(
B¯Φ1ΓBΦ2
) C→ (−1)cΓtr (B¯Φ1ΓBΦ2) . (C.46)
Charge conjugation of invariants in the 10⊗ 10⊗ 8⊗ 8-vertex leads to
tr
(
∆¯1 · Γ∆2
)
tr (Φ1Φ2)
C→ (−1)cΓ tr (∆¯2 · Γ∆1) tr(Φ1Φ2),
tr
(
(∆¯1 · Φ1) Γ (Φ2 ·∆2)
) C→ (−1)cΓ tr ((∆¯2 · Φ2) Γ (Φ1 ·∆1)) ,
tr
(
(∆¯1 · Γ ∆2) (Φ1,Φ2)
) C→ (−1)(cΓ+cΦ) tr ((∆¯2 · Γ ∆1) (Φ1,Φ2)) . (C.47)
Finally, for the invariants in the 10⊗ 8⊗ 8⊗ 8-vertex it holds:
tr
(
(∆¯ · ΓB) (Φ1,Φ2)
) C→ (−1)(cΓ+cΦ) tr ((B¯ · Γ ∆) (Φ1,Φ2)) ,
tr
(
(∆¯ · Φ1) Γ (Φ2 ·B)
) C→ (−1)(cΓ) tr ((B¯ · Φ2) Γ (Φ1 ·∆)) . (C.48)
6In raising and lowering flavour indices, the identity εijk = εijk is used in order to achieve covariant
results.
7Straightforward generalisation to the arbitrary number of meson octets in the relations (C.44 - C.45)
is carried out in [57]. Transformation properties of the last antisymmetric flavour contractions in (C.8),
tr
(
B¯Φ1ΓBΦ2
)− tr (B¯Φ2ΓBΦ1), have to be studied separately with the help of (C.46).
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Appendix D.
Baryon states
Construction of hadron states with given flavour and spin content is treated in many
textbooks (see e.g. [59, 44]). In this chapter the construction of baryon states using
tensor methods is recalled for the number of flavours NF = 3.
For Nc = 3, the baryon states are constructed in the Fock space defined by the action
of three quark creation operators on the vacuum state. The colour structure of baryons,
being colour singlets, is obtained by contracting the colour indices of the quark operators
with the ε-tensor of SU(3). This makes the colour part of the baryon wave function anti-
symmetric under interchange of two quarks. The antisymmetry of the total wave function
of fermions requires the spin-flavour part to be totally symmetric under interchange of
two quarks. We discuss the flavour and spin parts separately and give at the end of this
chapter the explicite expressions of the flavour SU(3) octet and decuplet baryon states.
D.1. Flavour part
Quarks/antiquarks are identified with the orthonormal basis of the support of the fun-
damental/conjugate representation of SU(3). The ”fundamental triplet“ 3 is
qi =
 q1q2
q3
 . (D.1)
The components of the vector qi are identified with the different flavours of the three
lightest quarks. The up, down and strange quarks are
qi = u, q2 = d, q3 = s. (D.2)
Similar, the antiquarks correspond to the anti-triplet 3¯:
qi = (q1, q2, q3) = (u¯, d¯, s¯). (D.3)
Concerning the flavour structure of the baryons, the decomposition of the product of
three quarks is
(3⊗ 3)⊗ 3 = (6⊕ 3¯)⊗ 3 = (6⊗ 3)⊕ (3¯⊗ 3) = (10⊕ 8)⊕ (1⊕ 8). (D.4)
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The product 3⊗ 3 is decomposed as follows:
qiqj =
1
2
(
qiqj + qjqi
)
+
1
2
(
qiqj − qjqi) = 1
2
(
qiqj + qjqi
)
+
1
2
εijkεklm q
lqm
= qij︸︷︷︸
6
+
1
2
εijk εklm q
lqm︸ ︷︷ ︸
3¯
. (D.5)
with
qij ≡ 1
2
(qiqj + qjqi). (D.6)
We decompose further 6⊗ 3
qijqk =
1
3
(
qijqk + qikqj + qkjqi
)
+
1
3
(
qijqk − qkjqi)+ 1
3
(
qijqk − qikqj)
=
1
3
(
qijqk + qikqj + qkjqi
)︸ ︷︷ ︸
10
+
1
3
(
εiklεnop q
mjqn + εjklεnop q
imqn
)︸ ︷︷ ︸
8
, (D.7)
and 3¯⊗ 3
qjq
i =
(
qjq
i − 1
3
δij qkq
k
)︸ ︷︷ ︸
8
+
1
3
δij qkq
k︸ ︷︷ ︸
1
. (D.8)
The above relation for the anti-triplet in (D.5) is:
εjlmq
lqm qi =
(
εjlm q
lqm qi − 1
3
δij εklm q
lqm qk
)︸ ︷︷ ︸
8
+
1
3
δij εklm q
lqm qk︸ ︷︷ ︸
1
. (D.9)
The eight observed spin-1/2 baryons are recognised as building an octet, given by the
traceless tensor Bij:
Bij ≡ εjlm qlqmqi −
1
3
δij εklm q
lqmqk, (D.10)
or by the tensor B˜ij, defined as
B˜ij ≡ εjlm qilqm. (D.11)
Octet baryons can be labeled either by two indices in the fundamental representation
(i, j = 1, 2, 3) of SU(3) or by a single adjoint index a (a = 1, . . . , 8):
Bij =
8∑
a=1
ba (λ
(a))ij, B˜
i
j =
8∑
a=1
b˜a (λ
(a))ij, (D.12)
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1
2
λ(a) being the generators of the flavour symmetry group. Main properties of the Gell-
Mann-matrices are given at the end of this appendix. Tensors ba are given by
ba =
1
2
tr
(
B λ(a)
)
=
1
2
Bij(λ
(a))ji =
1
2
(λ(a))ji
(
εjlm q
lqmqi − 1
3
δij εklmq
lqmqk
)
λii=0= (λ(a))ji εjlm q
lqmqi. (D.13)
Similar:
b˜a =
1
2
tr
(
B˜ λ(a)
)
= (λ(a))ji εjlm q
ilqm. (D.14)
By comparing the isospin and hypercharge properties of the observed baryons with those
of quarks, the components of B-matrix are identified as follows (see e.g. [59]):
B =

1√
2
Σ0 + 1√
6
Λ Σ+ p
Σ− − 1√
2
Σ0 + 1√
6
Λ n
−Ξ− Ξ0 − 2√
6
Λ
 . (D.15)
The relations of the physical baryons to the tensors ba and b˜a are given in Table D.1 and
in Table D.2, respectively.
Ten observed spin-3/2 baryons are identified as building the SU(3) decuplet, 10 in (D.4),
represented by the totaly symmetric tensor Dijk. Tensor components of Dijk are identified
as ([59]):
∆++ = D111, ∆+ =
1√
3
(D112 +D121 +D211),
∆0 =
1√
3
(D122 +D212 +D221), ∆− = D222,
Σ+ =
1√
3
(D113 +D131 +D311), Σ− =
1√
3
(D223 +D232 +D322),
Σ0 =
1√
6
(D123 +D132 +D213 +D231 +D312 +D321),
Ξ0 =
1√
3
(D133 +D313 +D331), Ξ− =
1√
3
(D233 +D323 +D332),
Ω = D333. (D.16)
Another usefull representation of the decuplet is
D111 = ∆++, D112 = ∆+/
√
3, D122 = ∆0/
√
3, D222 = ∆−,
D113 = Σ+/
√
3, D123 = Σ0/
√
6, D223 = Σ−/
√
3,
D133 = Ξ0/
√
3, D233 = Ξ−/
√
3,
D333 = Ω−. (D.17)
This follows directly from (D.16) because of the total symmetry of Dijk.
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D.2. Spin part
We turn to the spin structure. Three spin-1/2 quarks can be combined to a baryon either
with a total spin 1/2 or 3/2. Tensor product of three spin-doublets is
(2⊗ 2)⊗ 2 = (3⊕ 1)⊕ 2 = 4⊕ 2⊕ 2. (D.18)
One possibility to build a spin-1/2 wave function for three particles is to combine two
of them to a total spin 0 (singlet in 3 ⊕ 1) and then to couple the last one to the total
spin 1/2. Another possibility is given by a combination, where the first two particles are
coupled to spin 1 (triplet in 3⊕1) and then to spin 1/2 by adding the 3rd particle. These
two possibilities correspond to the two 2’s in (D.18). Four components of a spin-3/2 state
correspond to 4 in (D.18).
Coupling of three particles to a given spin can be written down using tensor methods in
a similar way as it was done for the flavour part. Notation, that is more suitable for the
later evaluation of matrix elements, is achieved with the help of Pauli-matrices
σ(1) =
(
0 1
1 0
)
, σ(2) =
(
0 −i
i 0
)
, σ(3) =
(
1 0
0 −1
)
. (D.19)
and “spin-transition” matrices
S(1) =

− 1√
2
0
0 − 1√
6
1√
6
0
0 1√
2
 , S(2) =

i√
2
0
0 i√
6
i√
6
0
0 i√
2
 , S(3) =

0 0√
2
3
0
0
√
2
3
0 0
 . (D.20)
The coupling of three doublets qα (α = 1, 2) to a total spin 1 is achieved by the following
combinations:
iσ
(2)
αβ δγχ q
αqβqγ, −(iσ(2)~σ)
αβ
~σχγ q
αqβqγ. (D.21)
Here, χ labels the different spin-components (χ = 1, 2). These two combinations corre-
spond to the coupling of first two doublets to an intermediate spin 0 or 1, respectively.
The χ-component of a spin-3/2 state (χ = 1, . . . 4) is given by
−(iσ(2)~σ)
αβ
~Sχγ q
αqβqγ. (D.22)
The products of ~σ and ~S are defined as
~σ ~σ =
3∑
k=1
σ(k)σ(k), ~σ ~S =
3∑
k=1
σ(k)S(k). (D.23)
102
Denoting q1 and q2 by | ↑〉 and | ↓〉, the different tensor products of spin-doublets can be
given in a more familiar form:
|1/2, 1/2〉 ≡ iσ(2)αβ δγ1 qαqβqγ = 3
(| ↑↓↑〉 − | ↓↑↑〉),
|1/2,−1/2〉 ≡ iσ(2)αβ δγ2 qαqβqγ = 3
(| ↑↓↓〉 − | ↓↑↓〉),
|1/2, 1/2〉 ≡ −(iσ(2)~σ)
αβ
~σ1γ q
αqβqγ = | ↓↑↑〉+ | ↑↓↑〉+ 2| ↑↑↓〉,
|1/2,−1/2〉 ≡ −(iσ(2)~σ)
αβ
~σ2γ q
αqβqγ = 2 | ↓↓↑〉 − | ↓↑↓〉 − | ↑↓↓〉,
|3/2, 3/2〉 ≡ −(iσ(2)~σ)
αβ
~S1γ q
αqβqγ =
√
2 | ↑↑↑〉,
|3/2, 1/2〉 ≡ −(iσ(2)~σ)
αβ
~S2γ q
αqβqγ =
√
2/3
(| ↓↑↑〉+ | ↑↓↑〉+ | ↑↑↓〉),
|3/2,−1/2〉 ≡ −(iσ(2)~σ)
αβ
~S3γ q
αqβqγ =
√
2/3
(| ↓↓↑〉+ | ↓↑↓〉+ | ↑↓↓〉),
|3/2,−3/2〉 ≡ −(iσ(2)~σ)
αβ
~S4γ q
αqβqγ =
√
2 | ↓↓↓〉. (D.24)
• • •
The states for the flavour octet are obtained either by taking the product of Bij and the
first relation in (D.21), or the product of B˜ij and the second possible spin-1/2 combination
in (D.21). The spin-flavour states for the SU(3) decuplet are constructed by taking a
tensor product of the Dijk and (D.22).
|a, χ〉 = N8 εABC B(a,χ)αaβb γc q†αaA q†βbB q†γcC |0),
|˜a, χ〉 = N˜8 εABC B˜(a,χ)αaβb γc q†αaA q†βbB q†γcC |0),
|ijk, χ〉 = N10 εABC D(χ)αβγ (δaiδbjδck)sym(ijk) q†αaA q†βbB q†γcC |0), (D.25)
with
B(a,χ)αaβb γc ≡ εabg λ(a)cg iσ(2)αβ δγχ,
B˜(a,χ)αaβb γc ≡ (εacg λ(a)bg + εbcg λ(a)ag )
(
~σiσ(2)
)
αβ
~σγχ,
D(χ)αβγ ≡
(
~σ iσ(2)
)
αβ
~S†γχ +
(
~σ iσ(2)
)
αγ
~S†βχ +
(
~σ iσ(2)
)
βγ
~S†αχ, (D.26)
and
sym(ijk) ≡ 1
6
(ijk + ikj + jik + jki+ kij + kji). (D.27)
The constants N8, N˜8 and N10 guarantee the proper normalisation of the states.
Besides the total symmetry of D(χ)αβγ, we note the symmetry properties of B and B˜:
Bαaβb γc = −Bαb βa γc = −Bβaαb γc = Bβbαa γc,
B˜αaβb γc = B˜αb βa γc = B˜βaαb γc = B˜βbαa γc. (D.28)
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Σ+ b1 − ib2 2suu− 2usu
Σ− b1 + ib2 2dsd− 2sdd
Σ− b3 dsu− sdu− sud+ usd
p b4 − ib5 2udu− 2duu
Ξ− b4 + ib5 2dss− 2sds
n b6 − ib7 2udd− 2dud
Ξ0 b6 + ib7 2sus− 2uss
Λ b8
1√
3
(dsu+ 2dus− sdu+ sud− 2uds− usd)
Table D.1.: Relation of the octet baryons to the components of B = baλa.
Σ+ b˜1 − ib˜2 suu+ usu− 2uus
Σ− b˜1 + ib˜2 2dds− dsd− sdd
Σ− b˜3 12(2dus+ 2uds− dsu− sdu− sud− usd)
p b˜4 − ib˜5 2uud− duu− udu
Ξ− b˜4 + ib˜5 dss+ sds− 2ssd
n b˜6 − ib˜7 dud+ udd− 2ddu
Ξ0 b˜6 + ib˜7 2ssu− sus− uss
Λ b˜8
√
3
2
(dsu+ sdu− sud− usd)
Table D.2.: Relation of the octet baryons to the components of B˜ = b˜aλa.
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Appendix E.
Matrix elements of spin-flavour operators
Matrix elements of spin-flavour operators can be calculated in various ways. In this chap-
ter a method for the calculation of the matrix-elements of one-body spin-flavour operators
is presented, which makes the role of quarks as carrier of the baryon quantum numbers
more explicit. Despite the lengthy derivation of the results for one-body operators, these
result can be easily applied to the matrix elements of arbitrary products of one-body
operators.
E.1. Fermionic and bosonic algebras for quarks
The quark creation- and annihilation operators obey fermionic commutation relations:
{qi, q†j} = δij, {qi, qj} = {q†i , q†j} = 0. (E.1)
Here and in the following few lines latin letters represent collective indices of all quantum
numbers (spin, flavour and colour). It holds:
ql q†i q
†
jq
†
k|0〉 =
(
δliq
†
jq
†
k − δljq†i q†k + δlkq†i q†j
)
|0〉,
qmql q†i q
†
jq
†
k|0〉 =
(
δli(δ
m
j q
†
k − δmk q†j)− δlj(δmi q†k − δmk q†i ) + δlk(δmi q†j − δmj q†i )
)
|0〉,
qnqmql q†i q
†
jq
†
k|0〉 =
(
δliδ
m
j δ
n
k − δliδmk δnj − δljδmi δnk + δljδmk δni + δlkδmi δnj − δlkδmj δni
)
|0〉
= Pijk sign(ijk) δliδmj δnk |0〉. (E.2)
Pijk permutes the indices i, j and k and sign(ijk) is +1 for cyclic and −1 for anti-cyclic
permutations of indices. Further, we introduce useful notation
|ijk〉 ≡ q†i q†jq†k|0〉, (E.3)
which will be used frequently in doing calculations of matrix elements like in
〈nop|ijk〉 = 〈0|qnqmql q†i q†jq†k|0〉 = Pijk sign(ijk) δliδmj δnk ,
〈nop|q†oqp|ijk) = δpi 〈nop|ojk〉 − δpj 〈nop|oik〉+ δpk〈nop|oij〉. (E.4)
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Calculation of the matrix elements of colour-neutral operators involving colour-neutral
states can be greatly simplified by introducing bosonic operators which keep track of spin
and flavour indices only. To show this, we separate the indices for the spin and flavour
quantum numbers from those describing the colour of quarks. A baryon state is then
written as
|B〉 = εABC Bijk |iA jB kC〉 = εABC Bijk q†iA q†jB q†kC |0〉. (E.5)
Here, the small and big latin letters index the spin-flavour and colour quantum numbers,
respectively. The colour part of the wave function is given by the totaly antisymmetric
epsilon tensor, the spin-flavour part by the tensor Bijk. Using this notation, the normal-
isation of baryon states is given by
〈B′|B〉 = B′nop Bijk εDEF εABC 〈0|qnF qmE qlD q†iA q†jB q†kC |0〉
= B′nop Bijk εDEF εABC
(
δliδ
m
j δ
n
k δ
D
A δ
E
Bδ
F
C − δliδmk δnj δDA δEC δFB − δljδmi δnk δDB δEAδFC
+ δljδ
m
k δ
n
i δ
D
B δ
E
C δ
F
A + δ
l
kδ
m
i δ
n
j δ
D
C δ
E
Aδ
F
B − δlkδmj δni δDC δEBδFA
)
= B′nop Bijk εABC εABC︸ ︷︷ ︸
=3!
(
δliδ
m
j δ
n
k + δ
l
iδ
m
k δ
n
j + δ
l
jδ
m
i δ
n
k + δ
l
jδ
m
k δ
n
i + δ
l
kδ
m
i δ
n
j + δ
l
kδ
m
j δ
n
i
)
= B′nop Bijk3! 〈nop|ijk〉, (E.6)
with
〈nop|ijk〉 ≡ Pijk δliδmj δnk . (E.7)
It holds:
εDEF ε
ABC 〈lDmE nF |iA jB kC〉 = 3! 〈nop|ijk〉. (E.8)
Furthermore:
q†oHq
pH εABCq†iAq
†
jBq
†
kC |0〉 = q†oH
(
δpi ε
HBCq†jBq
†
kC − δpj εAHCq†iAq†kC + δpkεABHq†iAq†jB
)|0〉
=
(
δpi ε
ABCq†oAq
†
jBq
†
kC − δpj εABCq†oBq†iAq†kC + δpkεABCq†oCq†iAq†jB
)|0〉
= εABC
(
δpi q
†
oAq
†
jBq
†
kC + δ
p
j q
†
oAq
†
iBq
†
kC + δ
p
kq
†
oAq
†
iBq
†
jC
)|0〉
= εABC
(
δpi |oA kB kC〉+ δpj |oA iB kC〉+ δpk |oA iB jC〉
)
.
(E.9)
With the help of the last relation one obtains
εDEF ε
ABC 〈lDmE nF | q†oH qpH |iA jB kC〉 = εDEF εABC×[
δpi 〈lDmE nF |oA jB kC〉+ δpj 〈lDmE nF |oA iB kC〉+ δpk〈lDmE nF |oA iB jC〉
]
= 3!
[
δpi 〈nop|ojk〉+ δpj 〈nop|oik〉+ δpk〈nop|oij〉
]
. (E.10)
And finally:
〈B′| q†oH qpH |B〉 = B′nop Bijk εDEF εABC 〈lDmE nF | q†oH qpH |iA jB kC〉
= 3!B′nop Bijk
[
δpi 〈nop|ojk〉+ δpj 〈nop|oik〉+ δpk〈nop|oij〉
]
. (E.11)
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Up to the factor 3!, the results in (E.6) and (E.11) can be obtained by using spin-flavour
quark operators, which obey the bosonic algebra
[qi, q†j ] = δ
i
j, [q
i, qj] = [q†i , q
†
j ] = 0, (E.12)
and by using baryon states, which are defined in spin-flavour space only:
|B) = Bijk |ijk) = Bijk q†i q†j q†k |0). (E.13)
Round bra- and ket-notation is used here to distinguish the spin-flavour states from states
in (E.5) where also the colour quantum numbers are specified. The identities in (E.2) are
easily adapted to the bosonic spin-flavour operators:
ql q†i q
†
jq
†
k|0) =
(
δliq
†
jq
†
k + δ
l
jq
†
i q
†
k + δ
l
kq
†
i q
†
j
)
|0),
qmql q†i q
†
jq
†
k|0) =
(
δli(δ
m
j q
†
k + δ
m
k q
†
j) + δ
l
j(δ
m
i q
†
k + δ
m
k q
†
i ) + δ
l
k(δ
m
i q
†
j + δ
m
j q
†
i )
)
|0),
qnqmql q†i q
†
jq
†
k|0) =
(
δliδ
m
j δ
n
k + δ
l
iδ
m
k δ
n
j + δ
l
jδ
m
i δ
n
k + δ
l
jδ
m
k δ
n
i + δ
l
kδ
m
i δ
n
j + δ
l
kδ
m
j δ
n
i
) |0)
= Pijk δliδmj δnk |0). (E.14)
E.2. Normalisation of baryon states
Using bosonic operators, we calculate the normalisation of the spin-flavour states dis-
cussed in Appendix D and the action of the operators 1, J, T and G, defined in (2.24),
on these states. The spin-flavour states for the flavour SU(3)-octet are1 2
|a, χ) ≡ N8 B(a,χ)αaβb γc q†αa q†βb q†γc|0), (E.15)
with
−B(a,χ)αaβb γc ≡ εabg λ(a)gc iσ(2)αβ δγχ, (E.16)
and for the flavour SU(3)-decuplet
|ijk, χ) ≡ N10D(χ)αβγ (δaiδbjδck)sym(ijk) q†αa q†βb q†γc|0) = N10D(χ)αβγ q†αi q†βj q†γk|0), (E.17)
where the total symmetric tensor D
(χ)
αβγ is given by
D
(χ)
αβγ ≡
(
~σ iσ(2)
)
αβ
~S†γχ +
(
~σ iσ(2)
)
αγ
~S†βχ +
(
~σ iσ(2)
)
βγ
~S†αχ. (E.18)
1For the sake of simplicity, no use of the co- and contravariant notation for the spin and flavour
indices is done in the remainder of this appendix. The summation is done over all indices appearing
twice in a single term. There is no danger in doing so, because we are dealing with quarks only (no
antiquarks).
2For the calcualtions in this chapter, only the first octet component Bij in (D.12), can be considered.
The explicit addition of the second octet component B˜ij and the averaging of them in (E.15) doesn’t
affect any results.
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The normalisation factors are
N8 = 1/
√
24, N10 = 1/
√
108. (E.19)
The corresponding bra-states are
(a, χ| ≡ N8 B¯(a,χ)αaβb γc (0| qγc qβb qαa = N8 λ(a)ga εbcg iσ(2)αβ δγχ (0| qγc qβb qαa,
(ijk, χ| ≡ N10 D¯(χ)αβγ (0| qγk qβj qαi, (E.20)
with
D¯(χ)αβγ ≡ −(iσ(2)~σ)αβ ~Sχγ − (iσ(2)~σ)αγ ~Sχβ − (iσ(2)~σ)βγ ~Sχα. (E.21)
The normalisation of the states is
(b, χ¯|a, χ) = N 28 B¯(b,χ¯)ζd ηe θf B(a,χ)αaβb γc (0| qθf qηe qζd q†αa q†βb q†γc |0)
= N 28B(a,χ)αaβb γc
[
B¯(b,χ¯)αaβb γc + B¯(b,χ¯)αa γc βb + B¯(b,χ¯)βbαa γc + B¯(b,χ¯)βb γcαa + B¯(b,χ¯)γcαa βb + B¯(b,χ¯)γc βb αa
]
= N 28 24 δab δχ¯χ = δab δχ¯χ,
(nop, χ¯|ijk, χ) = N 210D(χ)αβγ D¯(χ¯)ζηθ (0| qθn qηm qζl q†αi q†βj q†γk |0)
= N 210D(χ)αβγ D¯(χ¯)αβγ 6 (δliδmjδnk)sym(ijk)
= N 210 18 δχ¯χ 6 (δliδmjδnk)sym(ijk) = δχ¯χ (δliδmjδnk)sym(ijk). (E.22)
The expected orthogonality of the octet and decuplet states, (nop, χ¯|a, χ) = 0, is verified
by an explicit calculation.
E.3. One-body operators
To evaluate the action of the operators 1, J, T and G on the baryon states, we note
first:
q†µr qνs|a, χ) = N8 B(a,χ)αaβb γc q†µrqνs q†αaq†βbq†γc|0)
= N8 B(a,χ)αaβb γc
(
δναδsa q
†
µrq
†
βbq
†
γc + δνβδsb q
†
µrq
†
αaq
†
γc + δνγδsc q
†
µrq
†
αaq
†
βb
)|0)
= N8
(B(a,χ)νs βb γc q†µrq†βbq†γc + B(a,χ)αa νs γc q†µrq†αaq†γc + B(a,χ)αaβb νs q†µrq†αaq†βb)|0)
= N8
(
2B(a,χ)νs βb γc q†µrq†βbq†γc + B(a,χ)αaβb νs q†µrq†αaq†βb
)|0),
q†µr qνs|ijk, χ) = N10D(χ)αβγ q†µrqνs q†αiq†βjq†γk |0)
= N10D(χ)αβγ
(
δναδsi q
†
µrq
†
βjq
†
γk + δνβδsj q
†
µrq
†
αiq
†
γk + δνγδsk q
†
µrq
†
αiq
†
βj
)|0)
= N10
(D(χ)νβγ δsi q†µrq†βjq†γk +D(χ)ανγ δsj q†µrq†αiq†γk +D(χ)αβν δsk q†µrq†αiq†βj)|0).
(E.23)
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The action of the operators on the states is obtained by contracting the above results
with the appropriate spin-flavour tensors. The contractions for the octet states are:
1 |a, χ) = δµνδrs q†µrqνs|a, χ)
= N8
(
2B(a,χ)µr βb γc q†µrq†βbq†γc + B(a,χ)αaβb µr q†µrq†αaq†βb
)|0)
= 3 |a, χ), (E.24)
Jk |a, χ) = 1
2
σ(k)µν δrs q
†
µrqνs |a, χ)
= N8 1
2
σ(k)µν
(
2B(a,χ)νr βb γc q†µrq†βbq†γc + B(a,χ)αaβb νr q†µrq†αaq†βb
)|0)
= −N8 1
2
(
2εrbgλ
(a)
cg (σ
(k)iσ(2))µβ δγχ q
†
µrq
†
βbq
†
γc + εabgλ
(a)
rg iσ
(2)
αβ σ
(k)
µχ q
†
αaq
†
βbq
†
µr
)|0)
= −N8 1
2
(
0 + σ
(k)
χ¯χ εabgλ
(a)
rg iσ
(2)
αβ δµχ¯ q
†
αaq
†
βbq
†
µr
)|0)
=
1
2
σ
(k)
χ¯χ |a, χ¯), (E.25)
T b |a, χ) = δµν 1
2
λ(b)rs q
†
µrqνs|a, χ)
= N8 1
2
λ(b)rs
(
2B(a,χ)µs βb γc q†µrq†βbq†γc + B(a,χ)γc βb µs q†µrq†βbq†γc
)|0)
= −N8 1
2
λ(b)rs
(
2εsbg λ
(a)
cg iσ
(2)
µβ δγχ + εcbg λ
(a)
sg iσ
(2)
γβ δµχ
)
q†µrq
†
βbq
†
γc|0)
= −N8 1
2
(
2εsbgλ
(b)
rs λ
(a)
cg + (λ
(b)λ(a))cg εrbg
)
iσ
(2)
µβ δγχ q
†
µrq
†
βbq
†
γc|0)
?
= −N8 1
2
(
− 2
3
δbaδcg − (dbac − if bac)λ(c)cg
)
εrbg iσ
(2)
µβ δγχ q
†
µrq
†
βbq
†
γc|0)
−N8 1
2
(2
3
δbaδcg + (d
bac + if bac)λ(c)cg
)
εrbg iσ
(2)
µβ δγχ q
†
µrq
†
βbq
†
γc|0)
= −N8 if bac εrbg λ(c)cg iσ(2)µβ δγχ q†µrq†βbq†γc|0)
= if bac|c, χ), (E.26)
Gkb |a, χ) = 1
2
σ(k)µν
1
2
λ(b)rs q
†
µrqνs|a, χ)
= N8 1
2
λ(b)rs
1
2
σ(k)µν
(
2B(a,χ)νs βb γc q†µrq†βbq†γc + B(a,χ)γc βb νs q†µrq†βbq†γc
)|0)
= −N8 1
2
λ(b)rs
1
2
σ(k)µν
(
2εsbg λ
(a)
cg iσ
(2)
νβ δγχ + εcbg λ
(a)
sg iσ
(2)
γβ δνχ
)
q†µrq
†
βbq
†
γc|0)
= −N8 1
4
(
2εsbg λ
(b)
rs λ
(a)
cg (σ
(k)iσ(2))µβδγχ + εcbg (λ
(b)λ(a))rg σ
(k)
µχ iσ
(2)
γβ
)
q†µrq
†
βbq
†
γc|0)
?
=
(
− (1
2
dbac +
1
3
i f bac
)
σ
(i)
χ¯χN8 εrbgλ(c)cg iσ(2)µβ δγχ¯
+
1
2
√
2
(
εropλ
(b)
bo λ
(a)
cp
)
sym(rbc)
S
(i)
χ¯χN10D(χ¯)µβγ
)
q†µrq
†
βbq
†
γc|0),
=
(1
2
dbac +
1
3
i f bac
)
σ
(k)
χ¯χ |c, χ¯) +
1
2
√
2
(
εiopλ
(b)
jo λ
(a)
kp
)
sym(ijk)
S
(k)
χ¯χ |ijk, χ¯). (E.27)
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In the step ? in (E.26) the use of the following relations for the λ-matrices was made:
λ(b)λ(a) =
2
3
δba +
(
dbac + if bac
)
λ(c),
εilm λ
(b)
jl λ
(a)
km − εjlm λ(b)il λ(a)km = −
(2
3
δbaδkm + (d
bac − if bac)λ(c)km
)
εijm.
By noting the antisymmetry of σ(2), direct application of the last line leads to
εsbg λ
(b)
rs λ
(a)
cg σ
(2)
µβ q
†
µrq
†
βbq
†
γc =
1
2
(
εsbg λ
(b)
rs λ
(a)
cg − εsrg λ(b)bs λ(a)cg
)
σ
(2)
µβ q
†
µrq
†
βbq
†
γc
= −1
2
(2
3
δbaδcg +
(
dbac − if bac)λ(c)cg ) εrbg σ(2)µβ q†µrq†βbq†γc.
Similar, the step ? in (E.27) involves additional algebraical recasting, which brings no
further insight here and is ommited therefore.
The action of the operators on the decuplet states is obtained in a similar manner:
1 |ijk, χ) = δµν δrs q†µrqνs|ijk, χ)
= N10
(
D(χ)µβγ q†µi q†βj q†γk +D(χ)αµγ q†µj q†αi q†γk +D(χ)αβµ q†µk q†αi q†βj
)
|0)
= 3 |ijk, χ), (E.28)
Jk |ijk, χ) = 1
2
σ(k)µν δrs q
†
µr qνs|ijk, χ)
=
1
2
N10
(
σ(k)µν D(χ)νβγ q†µiq†βjq†γk + σ(k)µν D(χ)ανγ q†µjq†αiq†γk + σ(k)µν D(χ)αβν q†µkq†αiq†βj
)
|0)
=
1
2
N10
(
σ(k)µν D(χ)νβγ q†µiq†βjq†γk + σ(k)βν D(χ)νµγ q†βjq†µiq†γk + σ(k)γν D(χ)νβµ q†γkq†µiq†βj
)
|0)
=
i
2
N10
[ (
σ(k)σ(i)σ(2)
)
µβ
S(i)†γχ +
(
σ(k)σ(i)σ(2)
)
µγ
S
(i)†
βχ +
(
σ(i)σ(2)
)
βγ
(
σ(k)S(i)†
)
µχ
−
(
σ(i)σ(k)σ(2)
)
µβ
S(i)†γχ +
(
σ(i)σ(2)
)
µγ
(
σ(k)S(i)†
)
βχ
+
(
σ(k)σ(i)σ(2)
)
βγ
S(i)†µχ
+
(
σ(i)σ(2)
)
µβ
(
σ(k)S(i)†
)
γχ
−
(
σ(i)σ(k)σ(2)
)
µγ
S
(i)†
βχ −
(
σ(i)σ(k)σ(2)
)
βγ
S(i)†µχ
]
× q†µiq†βjq†γk |0)
=
i
2
N10
[ (
σ(k)σ(i)σ(2)
)
µβ
S(i)†γχ −
(
σ(i)σ(k)σ(2)
)
µβ
S(i)†γχ +
(
σ(i)σ(2)
)
µβ
(
σ(k)S(i)†
)
γχ(
σ(k)σ(i)σ(2)
)
µγ
S
(i)†
βχ −
(
σ(i)σ(k)σ(2)
)
µγ
S
(i)†
βχ +
(
σ(i)σ(2)
)
µγ
(
σ(k)S(i)†
)
βχ(
σ(k)σ(i)σ(2)
)
βγ
S(i)†µχ −
(
σ(i)σ(k)σ(2)
)
βγ
S(i)†µχ +
(
σ(i)σ(2)
)
βγ
(
σ(k)S(i)†
)
µχ
]
× q†µiq†βjq†γk |0)
?
=
3
2
N10
(
~Sσ(k)~S†
)
χ¯χ
×
[ (
σ(i)iσ(2)
)
µβ
S
(i)†
γχ¯ +
(
σ(i)iσ(2)
)
µγ
S
(i)†
βχ¯ +
(
σ(i)iσ(2)
)
βγ
S
(i)†
µχ¯
]
q†µi q
†
βj q
†
γk|0)
=
3
2
(
~Sσ(k)~S†
)
χ¯χ
N10D(χ¯)µβγ q†µiq†βjq†γk|0) =
3
2
(
~Sσ(k)~S†
)
χ¯χ
|ijk, χ¯). (E.29)
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The identity, used in the step ?, is proven as follows:(
σ(k)σ(i)σ(2)
)
µβ
S(i)†γχ −
(
σ(i)σ(k)σ(2)
)
µβ
S(i)†γχ +
(
σ(i)σ(2)
)
µβ
(
σ(k)S(i)†
)
γχ
=
(
[σ(k), σ(i)]σ(2)
)
µβ
S(i)†γχ +
(
σ(i)σ(2)
)
µβ
(
σ(k)S(i)†
)
γχ
= 2i εkij
(
σ(j)σ(2)
)
µβ
S(i)†γχ +
(
σ(i)σ(2)
)
µβ
(
σ(k)S(i)†
)
γχ
=
(
2iεjikS
(j)† + σ(k)S(i)†
)
γχ
(
σ(i)σ(2)
)
µβ
= 3
(
~Sσ(k)~S†
)
χ¯χ
S
(i)†
γχ¯
(
σ(i)σ(2)
)
µβ
.
The identity
(
2iεjikS
(j)† + σ(k)S(i)†
)
= 3S(i)†
(
~Sσ(k)~S†
)
is shown to be valid by multiply-
ing both sides by S(i), summing over i and using the properties of the S- and σ-matrices
summarised in Appendix F:
S(i)
(
2iεjikS
(j)† + σ(k)S(i)†
)
= S(i) 3S(i)†
(
~Sσ(k)~S†
)
2iεjik S
(i)S(j)† + ~Sσ(k)~S† = 3
(
~S~S†
) (
~Sσ(k)~S†
)
2~Sσ(k)~S† + ~Sσ(k)~S† = 3
(
~Sσ(k)~S†
)
.
For the T operator one has:
T a |ijk, χ) = δµν 1
2
λ(a)rs q
†
µrqνs|ijk, χ)
=
1
2
N10
(
λ
(a)
ri D(χ)µβγ q†µrq†βjq†γk + λ(a)rj D(χ)αµγ q†µrq†αiq†γk + λ(a)rk D(χ)αβµ q†µrq†αiq†βj
)
|0)
=
1
2
(
λ
(a)
ri |rjk, χ) + λ(a)rj |irk, χ) + λ(a)rk |ijr, χ)
)
?
=
1
4
λ
(a)
ri
(|rjk, χ) + |rkj, χ))+ 1
4
λ
(a)
rj
(|rik, χ) + |rki, χ))
+
1
4
λ
(a)
rk
(|rij, χ) + |rji, χ))
=
1
4
(
λ
(a)
li δmj δnk + λ
(a)
li δmk δnj + λ
(a)
lj δmi δnk + λ
(a)
lj δmk δni
+ λ
(a)
lk δmi δnj + λ
(a)
lk δmj δni
)
|nop, χ)
=
3
2
(
λ
(a)
li δmj δnk
)
sym(ijk)
|nop, χ). (E.30)
In the step ? the total symmetry in the flavour part of the decuplet states was used.
Finally, the action of G on the decuplet states is given by
Gka |ijk, χ) = 1
2
σ(k)µν
1
2
λ(a)rs q
†
µrqνs|ijk, χ) =
1
4
N10 σ(k)µν
(
λ
(a)
ri D(χ)νβγ q†µrq†βjq†γk
+λ
(a)
rj D(χ)ανγ q†µrq†αiq†γk + λ(a)rk D(χ)αβν q†µrq†αiq†βj
)
|0)
=
1
4
N10 σ(k)µν D(χ)νβγ
(
λ
(a)
ri q
†
µrq
†
βjq
†
γk + λ
(a)
rj q
†
µrq
†
βiq
†
γk + λ
(a)
rk q
†
µrq
†
βjq
†
γi
)
|0)
=
1
4
N10 σ(k)µν D(χ)νβγ
(
λ
(a)
li δmjδnk + λ
(a)
lj δmiδnk + λ
(a)
lk δmjδni
)
q†µlq
†
βmq
†
γn |0)
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=
3
4
N10 σ(k)µν D(χ)νβγ
(
λ
(a)
li δmjδnk
)
sym(ijk)
q†µlq
†
βmq
†
γn |0)
=
(3
4
(
λ
(a)
li δmj δnk
)
sym(ijk)
(
~Sσ(k)~S†
)
χ¯χ
N10D(χ¯)µβγ
− 1
2
√
2
(
εiop λ
(a)
oj λ
(b)
pk
)
sym(ijk)
S
(k)†
χ¯χ N8 εlmgλ(b)ng iσ(2)µβ δγχ¯
)
q†µlq
†
βmq
†
γn |0)
=
3
4
(
λ
(a)
li δmj δnk
)
sym(ijk)
(
~Sσ(k)~S†
)
χ¯χ
|nop, χ¯)
+
1
2
√
2
(
εiop λ
(a)
oj λ
(b)
pk
)
sym(ijk)
S
(k)†
χ¯χ |b, χ¯). (E.31)
• • •
We summarise:
J i |a, χ) = 1
2
σ
(i)
χ¯χ |a, χ¯) ,
T a |b, χ) = if bca |c, χ) ,
Gia |b, χ) = 1
2
σ
(i)
χ¯χ Λ
a,c
b |c, χ¯) +
1
2
√
2
S
(i)
χ¯χ Λ
a,klm
b |klm, χ¯) ,
J i |klm, χ) = 3
2
(
~Sσ(i)~S†
)
χ¯χ
|klm, χ¯),
T a |klm, χ) = 3
2
Λa,nopklm |nop, χ),
Gia |klm, χ) = 3
4
(
~Sσ(i)~S†
)
χ¯χ
Λa,nopklm |nop, χ¯) +
1
2
√
2
S
(i)†
χ¯χ Λ
a,b
klm |b, χ¯) , (E.32)
with the flavor transition tensors
Λa,cb =
(
dabc +
2
3
ifabc
)
, Λa,klmb =
(
εijk λ
(a)
li λ
(b)
mj
)
sym(klm)
,
Λa,nopklm =
(
λ
(a)
nk δol δpm
)
sym(klm)
, Λa,bklm =
(
εijk λ
(a)
il λ
(b)
jm
)
sym(klm)
. (E.33)
E.4. Two-body operators, I
Matrix elements of arbitrary products of one-body operators can be obtained by consecu-
tive application of (E.32). Symmetric combinations of two one-body operators evaluated
between the octet states are:
(d, χ¯|{J i, J j}|c, χ) = 1
2
δij δχ¯χ δcd,
(d, χ¯|{J i, T a}|c, χ) = σ(i)χ¯χ ifacd,
(d, χ¯|{J i, Gja}|c, χ) = 1
2
δij δχ¯χ Λ
a,d
c ,
(d, χ¯|{T a, T b}|c, χ) = δχ¯χ
(
faedf bec + f bedfaec
)
,
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(d, χ¯|{T a, Gib}|c, χ) = 1
2
σ
(i)
χ¯χ
(
ifaed Λb,ec + Λ
b,d
e if
ace
)
,
(d, χ¯|{Gia, Gjb}|c, χ) = 1
3
δij δχ¯χ
(3
4
Λa,de Λ
b,e
c +
1
4
Λa,dxyz Λ
b,xyz
c + (a↔ b)
)
+
1
2
iεijk σ
(k)
χ¯χ
(1
2
Λa,de Λ
b,e
c −
1
12
Λa,dxyz Λ
b,xyz
c − (a↔ b)
)
. (E.34)
Here, the spin-summation index k takes the values 1, 2, 3 and the flavour summation
indices are x, y, z = 1, 2, 3 and e = 1, . . . 8.
Operators evaluated between the decuplet states lead to
(nop, χ¯|{J i, J j}|klm, χ) = 1
3
δijδχ¯χ
15
2
δnopklm
− 1
2
(
S(i)S(j)† + S(j)S(i)† − 2
3
δij
)
χ¯χ
6 δnopklm,
(nop, χ¯|{J i, T a}|klm, χ) = 9
4
(
~Sσ(i)~S†
)
χ¯χ
δnoprst Λ
a,rst
klm ,
(nop, χ¯|{J i, Gja}|klm, χ) = 1
3
δijδχ¯χ
15
4
δnoprst Λ
a,rst
klm
− 1
2
(
S(i)S(j)† + S(j)S(i)† − 2
3
δij
)
χ¯χ
3δnoprst Λ
a,rst
klm ,
(nop, χ¯|{T a, T b}|klm, χ) = 9
4
δχ¯χ δ
nop
rst
(
Λa,rstxyz Λ
b,xyz
klm + Λ
b,rst
xyz Λ
a,xyz
klm
)
,
(nop, χ¯|{T a, Gib}|klm, χ) = 9
8
(
~Sσ(i)~S†
)
χ¯χ
δnoprst
(
Λa,rstxyz Λ
b,xyz
klm + Λ
b,rst
xyz Λ
a,xyz
klm
)
,
(nop, χ¯|{Gia, Gjb}|klm, χ) = 1
3
δijδχ¯χ
(1
8
Λa,nopc Λ
b,c
klm +
15
16
δnoprst Λ
a,rst
xyz Λ
b,xyz
klm + (a↔ b)
)
+
1
2
iεijk
(
~Sσ(k)~S†
)
χ¯χ
×
(1
8
Λa,nopc Λ
b,c
klm +
3
8
δnoprst Λ
a,rst
xyz Λ
b,xyz
klm − (a↔ b)
)
+
1
2
(
S(i)S(j)† + S(j)S(i)† − 2
3
δij
)
χ¯χ
×
(1
8
Λa,nopc Λ
b,c
klm −
3
4
δnoprst Λ
a,rst
xyz Λ
b,xyz
klm + (a↔ b)
)
,
(E.35)
with the summation indices k = 1, 2, 3 and r, s, t, x, y, z = 1, 2, 3 and c = 1, . . . 8.
The transition matrix elements from a baryon-octet to a baryon-decuplet state vanish
unless at least one spin-flavor operator Gia is involved. It holds:
(nop, χ¯|{J i, Gja}|c, χ) = 1
2
iεijk S
(k)
χ¯χ
3
2
√
2
Λa,nopc
+
1
2
(
S(i)σ(j) + S(j)σ(i)
)
χ¯χ
1
2
√
2
Λa,nopc ,
(nop, χ¯|{T a, Gib}|c, χ) = S(i)χ¯χ
1
2
√
2
(
ifabd Λd,nopc + 2 if
acd Λb,nopd
)
,
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(nop, χ¯|{Gia, Gjb}|c, χ) = 1
2
iεijk S
(k)
χ¯χ
1
4
√
2
(5
3
(
ifabd Λd,nopc + if
acd Λb,nopd
)
−Λa,nopd Λb,dc − (a↔ b)
)
+
1
2
(
S(i)σ(j) + S(j)σ(i)
)
χ¯χ
1
4
√
2
(
Λa,nopd (d
bcd + if bcd) + (a↔ b)
)
,
(E.36)
with the summation indices k = 1, 2, 3 and d = 1, · · · , 8.
E.5. Two-body operators, II
Matrix elements of operators with two open adjoint flavour indices can be rewritten in
a more convenient form, which makes the matching with the spin and flavour structures
in the four-point interaction in the chiral Lagrangian more explicit. We recall first the
possible flavour structures of the interaction terms given in Section 1.4.2 (see (C.8, C.18
C.23).
Combining four octets (baryon, anti-baryon and two meson octets) leads to the following
combinations of Gell-Mann-matrices:
tr(B¯B) tr(Φ1Φ2) =
1
2
b¯dbc φa1φ
b
2 F
ab(+)
1 dc ,
tr(B¯Φ1) tr(Φ2B)± tr(B¯Φ2) tr(Φ1B) = 1
2
b¯dbc φa1φ
b
2 F
ab(±)
2 dc ,
tr
(
B¯ [[Φ1,Φ2]±, B]+
)
=
1
2
b¯dbc φa1φ
b
2 F
ab(±)
3 dc ,
tr
(
B¯ [[Φ1,Φ2]±, B]−
)
=
1
2
b¯dbc φa1φ
b
2 F
ab(±)
4 dc ,
tr(B¯Φ1BΦ2)− tr(B¯Φ2BΦ1) = 1
2
b¯dbc φa1φ
b
2 F
ab(−)
5 dc , (E.37)
where the structures
F
ab(+)
1 dc = 4δ
dcδab,
F
ab(±)
2 dc = 4(δ
daδbc ± δdbδac),
F
ab(±)
3 dc = tr(λ
d [[λa, λb]±, λc]+) =
{
16
3
δabδdc + 8dabedecd if (+)
8ifabedecd if (−),
F
ab(±)
4 dc = tr(λ
d [[λa, λb]±, λc]−) =
{
8idabef ecd if (+)
8ifabeif ecd if (−),
F
ab(−)
5 dc = tr(λ
dλaλcλb)− tr(λdλbλcλa) = −4i (dadef bce + fadedbce), (E.38)
are introduced to simplify the notation in the following. The plus and minus signs in
F (±) denote the symmetry properties of the flavour structures concerning the interchange
of two mesonic octets (interchange of λ(a) and λ(b)).
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For the analogous interaction with the decuplet baryons one is confronted with the fol-
lowing flavour contractions:
tr(∆¯ ·∆) tr(Φ1Φ2) = ∆¯nop ∆klm φa1φb2 F ab(+)1nop,klm,
tr
(
(∆¯ ·∆) [Φ1,Φ2]±
)
= ∆¯nop ∆
klm φa1φ
b
2 F
ab(±)
2nop,klm,
tr
(
(∆¯ · Φ1)(Φ2 ·∆)
)
+ tr
(
(∆¯ · Φ2)(Φ1 ·∆)
)
= ∆¯nop ∆
klm φa1φ
b
2 F
ab(+)
3nop,klm, (E.39)
with3
F
ab(+)
1nop,klm ≡ 2δab δnopklm,
F
ab(±)
2nop,klm ≡ δnopqrs δqrtklm (λ(a)λ(b) ± λ(b)λ(a))st =
{
4
3
δab δnopklm + 2d
abe δnopxyz Λ
e,xyz
klm if (+)
2ifabe δnopxyz Λ
e,xyz
klm if (−),
F
ab(+)
3nop,klm ≡ δnopqrs δvxsklm εrtuεxyu (λ(a)qt λ(b)yv + λ(b)qt λ(a)yv )
= 2δab δnopklm + 3d
abc δnoprst Λ
c,rst
klm −
3
2
δnoprst
(
Λa,rstxyz Λ
b,xyz
klm + Λ
b,rst
xyz Λ
a,xyz
klm
)
. (E.40)
The flavour structures of the interaction containing octet and decuplet baryons are:
tr
(
(∆¯ ·B) [Φ1,Φ2]±
)
=
1√
2
∆¯nop b
c φa1φ
b
2 F
ab(±)
1nop,c ,
tr
(
(∆¯ · Φ1) (Φ2 ·B)
)± tr ((∆¯ · Φ2) (Φ1 ·B)) = 1√
2
∆¯nop b
c φa1φ
b
2 F
ab(±)
2nop,c , (E.41)
with
F
ab(±)
1nop,c = δ
nop
ijk λ
(c)
iq εjqr
(
[λ(a), λ(b)]±
)
kr
=
{
2dabe Λc,nope if (+)
2ifabe Λc,nope if (−),
F
ab(±)
2nop,c = δ
nop
ijk εjqr
(
λ
(a)
iq (λ
(b)λ(c))kr ± λ(b)iq (λ(a)λ(c))kr
)
= Λa,nope (d
bce + if bce)± Λb,nope (dace + iface). (E.42)
In the following, matrix elements of the large-Nc operators with two open flavour in-
dices are expressed as functions of the flavour structures introduced above. Furthermore,
several combinations with definite spin-flavour multiplet structures (see the discussion
leading to (B.20) for futher details)
P(1,1¯0+10) {T a, Gib} ≡ {T a, Gib} − {T b, Gia} − 2
3
fabcf cgh{T g, Giah},
P(1,27) {T a, Gib} ≡ {T a, Gib}+ {T b, Gia} − 1
4
δab {T c, Gic} − 6
5
dabcdcgh {T g, Gih},
etc. (E.43)
3The obvious combination F
ab(−)
3nop,klm is redundant. See also footnote 3 on page 92.
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are rewriten too. For the octet baryons one has:
(d, χ¯| dabe T e |c, χ) = δχ¯χ 1
8
F
ab(+)
4 dc ,
(d, χ¯| fabe T e |c, χ) = δχ¯χ (−i) 1
8
F
ab(−)
4 dc ,
(d, χ¯| dabeGie |c, χ) = 1
2
σ
(i)
χ¯χ
(
− 1
6
F
ab(+)
1 dc +
1
8
F
ab(+)
3 dc +
1
12
F
ab(+)
4 dc
)
,
(d, χ¯| fabeGie |c, χ) = 1
2
σ
(i)
χ¯χ
(
− i
8
F
ab(−)
3 dc −
i
12
F
ab(−)
4 dc
)
, (E.44)
(d, χ¯|{T a, T b}|c, χ) = δχ¯χ 1
4
(
− F ab(+)1 dc − F ab(+)2 dc +
3
2
F
ab(+)
3 dc
)
,
(d, χ¯|{T a, Gib}|c, χ) = 1
2
σ
(i)
χ¯χ
1
6
(
− F ab(+)1 dc − F ab(+)2 dc +
3
2
F
ab(+)
3 dc +
3
4
F
ab(+)
4 dc +
3
2
F
ab(−)
5 dc
)
,
(d, χ¯|{Gia, Gjb}|c, χ) = 1
3
δij δχ¯χ
1
16
(
7F
ab(+)
1 dc − F ab(+)2 dc −
3
2
F
ab(+)
3 dc + 4F
ab(+)
4 dc
)
+
1
2
iεijk σ
(k)
χ¯χ
1
8
(
− F ab(−)2 dc + F ab(−)3 dc +
5
6
F
ab(−)
4 dc
)
, (E.45)
and
P(0,27) (d, χ¯|{T a, T b}|c, χ) = δχ¯χ 1
10
(
− 11
4
F
ab(+)
1 dc − 5F ab(+)2 dc + 3F ab(+)3 dc
)
,
P(1,1¯0+10) (d, χ¯|{T g, Gih}|c, χ) = 1
2
σ
(i)
χ¯χ
1
2
F
ab(−)
5 dc ,
faegdbeh(d, χ¯|{T g, Gih}|c, χ) = 1
2
σ
(i)
χ¯χ
(
− i
4
F
ab(−)
2 dc −
i
8
F
ab(−)
3 dc −
i
48
F
ab(−)
4 dc
)
,
P(1,1¯0+10) (d, χ¯|faegdbeh {T g, Gih}|c, χ) = 1
2
σ
(i)
χ¯χ
(
− i
2
F
ab(−)
2 dc +
i
6
F
ab(−)
4 dc
)
,
P(1,27) (d, χ¯|{T a, Gib}|c, χ) = 1
2
σ
(i)
χ¯χ
(
− 11
60
F
ab(+)
1 dc −
1
3
F
ab(+)
2 dc +
1
5
F
ab(+)
3 dc
)
. (E.46)
Evaluation of the operators between the decuplet states leads to:
(nop, χ¯| dabe T e |klm, χ) = δχ¯χ
(
− 1
2
F
ab(+)
1nop,klm +
3
4
F
ab(+)
2nop,klm
)
,
(nop, χ¯| fabe T e |klm, χ) = δχ¯χ (−i) 3
4
F
ab(−)
2nop,klm,
(nop, χ¯| dabeGie |klm, χ) = 1
2
(
~Sσ(i)~S†
)
χ¯χ
(
− 1
2
F
ab(+)
1nop,klm +
3
4
F
ab(+)
2nop,klm
)
,
(nop, χ¯| fabeGie |ijk, χ) = 1
2
(
~Sσ(i)~S†
)
χ¯χ
(−i) 3
4
F
ab(−)
2nop,klm, (E.47)
(nop, χ¯|{T a, T b}|klm, χ) = δχ¯χ
(9
4
F
ab(+)
2nop,klm −
3
2
F
ab(+)
3nop,klm
)
,
(nop, χ¯|{T a, Gib}|klm, χ) = 1
2
(
~S σ(i)~S†
)
χ¯χ
(9
4
F
ab(+)
2nop,klm −
3
2
F
ab(+)
3nop,klm
)
,
(nop, χ¯|{Gia, Gjb}|klm, χ) = 1
3
δijδχ¯χ
15
16
(
F
ab(+)
2nop,klm −
2
5
F
ab(+)
3nop,klm
)
+
1
2
iεijk
(
~Sσ(k)~S†
)
χ¯χ
3
8
F
ab(−)
2nop,klm
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+
1
2
(
S(i)S(j)† + S(j)S(i)† − 2
3
δij
)
χ¯χ
3
4
(− F ab(+)2nop,klm + F ab(+)3nop,klm),
(E.48)
and
P(0,27) (nop, χ¯|{T a, T b}|klm, χ) = δχ¯χ 3
10
(
F
ab(+)
1nop,ijk + 6F
ab(+)
2nop,ijk − 10F ab(+)3nop,ijk
)
,
P(1,1¯0+10) (nop, χ¯|{T g, Gih}|klm, χ) = 0,
faegdbeh(nop, χ¯|{T g, Gih}|klm, χ) = 1
2
(
~S σ(i)~S†
)
χ¯χ
(−i) 9
8
F
ab(−)
2nop,klm,
P(1,1¯0+10) faegdbeh(nop, χ¯|{T g, Gih}|klm, χ) = 0,
P(1,27) (nop, χ¯|{T g, Gih}|klm, χ) = 1
2
(
~S σ(i)~S†
)
χ¯χ
× 3
10
(
F
ab(+)
1nop,ijk + 6F
ab(+)
2nop,klm − 10F ab(+)3nop,klm
)
,
P(2,27) (nop, χ¯|{Gia, Gjb}|klm, χ) = 1
2
(
S(i)S(j)† + S(j)S(i)† − 2
3
δij
)
χ¯χ
× 3
2
(
− 1
10
F
ab(+)
1nop,klm −
3
5
F
ab(+)
2nop,klm + F
ab(+)
3nop,klm
)
.
(E.49)
Finally, the non-vanishing octet-decuplet transition matrix elements are given by:
(nop, χ¯| dabeGie |c, χ) = S(i)χ¯χ
−1
4
√
2
F
ab(+)
1nop,c,
(nop, χ¯| fabeGie |c, χ) = S(i)χ¯χ
i
4
√
2
F
ab(−)
1nop,c, (E.50)
(nop, χ¯|{T a, Gib}|c, χ) = S(i)χ¯χ
1
4
√
2
(
− F ab(+)1nop,c + F ab(+)2nop,c − 3F ab(−)2nop,c
)
,
(nop, χ¯|{Gia, Gjb}|c, χ) = 1
2
iεijkS
(k) 1
4
√
2
(
−F ab(−)1nop,c − 3F ab(−)2nop,c
)
+
1
2
(
S(i)σ(j) + S(j)σ(i)
) 1
4
√
2
F
ab(+)
2nop,c, (E.51)
and
P(1,1¯0+10) (nop, χ¯|{T a, Gib}|c, χ) = S(i)χ¯χ
1
2
√
2
(
F
ab(−)
1nop,c − 3F ab(−)2nop,c
)
,
faegdbeh(nop, χ¯|{T g, Gih}|c, χ) = S(i)χ¯χ
i
8
√
2
(
3F
ab(+)
1nop,c + 4F
ab(−)
1nop,c − 6F ab(−)2nop,c
)
,
P(1,1¯0+10) faegdbeh(nop, χ¯|{T g, Gih}|c, χ) = S(i)χ¯χ
i
2
√
2
(
F
ab(−)
1nop,c − 3F ab(−)2nop,c
)
,
P(1,27) (nop, χ¯|{T g, Gih}|c, χ) = S(i)χ¯χ
1
10
√
2
(
F
ab(+)
1nop,c + 5F
ab(+)
2nop,c
)
,
P(2,27) (nop, χ¯|{Gia, Gjb}|c, χ) = 1
2
(
S(i)σ(j) + S(j)σ(i)
) 1
10
√
2
(
F
ab(+)
1nop,c + 5F
ab(+)
2nop,c
)
.
(E.52)
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Appendix F.
Pauli- and spin transition matrices
In this chapter some useful relations for the sigma- and “spin-1/2 to spin-3/2“-transition ma-
trices are collected. These relations are frequently used in the course of the evaluation of the
matrix elements in Appendix E.
Main properties of the Pauli-matrices
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
, (F.1)
are
σ†i = σi, tr(σi) = 0, detσi = −1, σTi = σ∗i = −σ2σiσ2
[σi, σj ] = 2iεijk σk, {σi, σj} = 2δij . (F.2)
Several relations can be obtained from the above identities:
σiσj = δij + iεijkσ
k, σiσjσk = iεijk + δijσk − δikσj + δjkσi,
tr(σiσj) = 2δij , tr(σiσjσk) = 2iεijk, σiσi = 31(2×2),
σjσiσj = −σi, ijkσiσj = 2iσk, σjσiσkσjσi = 5σk. (F.3)
The “spin-transition” matrices are given by1
S1 =

− 1√
2
0
0 − 1√
6
1√
6
0
0 1√
2
 , S2 =

i√
2
0
0 i√
6
i√
6
0
0 i√
2
 , S3 =

0 0√
2
3 0
0
√
2
3
0 0
 , (F.4)
with the main properties
S†i Sj = δij −
1
3
σiσj = δij − 1
3
(δij + iεijk σk) =
2
3
(
δij − iεijk 1
2
σk
)
,
~S† · ~S = 21(2×2), ~S · ~S† = 1(4×4), ~σ · ~S† = 0, ~S · ~σ = 0,
Siσj − Sjσi = −iεijkSk. (F.5)
1The origin of the spin-transition matrices is discussed in Appendix H.
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Siσkσi = 2Sk, iεijkSiσj = σk,
εijk Si S
†
j = i
~Sσk ~S
†, εijk
(
~Sσi~S
†)(~Sσj ~S†) = 2
3
εijk SiS
†
j =
2
3
i~Sσk ~S
†,(
~Sσ∗k ~S
†) = (~Sσk ~S†)T , ∑
i
(~S σ(i) ~S†) (~S σ(i) ~S†) =
5
3
1(4×4). (F.6)
In the course of evaluation of the matrix elements of the spin-flavour operators
{J i, J j}, {J i, Gja} {Gia, Gjb} (F.7)
in Section E.4, one is confronted with several products of σ and S with two open vector indices.
These products are reducible and can be decomposed into invariant, symmetric and antisym-
metric components which transform independently of each other under SO(3) rotations.
In general, a product of two vectors, xiyj , decomposes as follows:
xiyj =
1
3
δij ~x · ~y + 1
2
(
xiyj − xjyi
)
+
1
2
(
xiyj + xjyi − 2
3
δij ~x · ~y
)
=
1
3
δij ~x · ~y + 1
2
ijk klmxlym +
1
2
(
xiyj + xjyi − 2
3
δij ~x · ~y
)
. (F.8)
Having this and the above properties of σ and S, the spin-part of the matrix elements of the
operators in (F.7) can be rewritten using following decompositions:
σiσj = δij + iεijkσk,
SiS
†
j =
1
3
δij 1(4×4) +
1
2
iεijk
(
~Sσk ~S
†)+ 1
2
(
Si S
†
j + Sj S
†
i −
2
3
δij1(4×4)
)
,(
~Sσi~S
†)(~Sσj ~S†) = 5
9
δij 1(4×4) +
1
3
iεijk
(
~Sσk ~S
†)− 2
3
(
Si S
†
j + Sj S
†
i −
2
3
δij1(4×4)
)
,
Siσj = −1
2
iεijkSk +
1
2
(
Siσj + Sjσi
)
,(
~Sσi~S
†)Sj = 5
6
iεijkSk +
1
6
(
Siσj + Sjσi
)
. (F.9)
In the third identity, the symmetric traceless component in
(
~Sσi~S
†)(~Sσj ~S†) was simplified with
the help of
(~Sσi~S
†)(~Sσj ~S†) + (~Sσj ~S†)(~Sσi~S†)− 2
3
δij(~Sσk ~S
†)(~Sσk ~S†)
= −4
3
(
SiS
†
j + SjS
†
i −
2
3
δij SkS
†
k
)
. (F.10)
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Appendix G.
Operator Identities
The one-body operators in (2.24) are used to organize the 1/Nc expansion of baryonic matrix
elements of quark operators. The operator reduction rule, stated in Section 2.3.2 helps to
eliminate the irrelevant combinations of these one-body operators. This reduction rule is based
on group theoretical relations between the one body operators. The derivation of these operator
identities was done in [22] and is briefly reviewed in this chapter. In the second part of this
chapter the application of this rule is done for all possible products of two one-body operators
in an explicit and detailed form. Furthermore, in the last part the (ir)relevance of contractions
of flavour indices on the one-body operators with certain combinations of f and d symbols of
SU(3) is discussed.
The identities in Table G.1 are collected in three different blocks according to their group theo-
retical structure. To discuss the derivation and the structure of these identities it is advantageous
to use a uniformly normalised set of the SU(6)-generators:
q†ΛAq =
{
J i/
√
3, T a/
√
2,
√
2Gia
}
, A = 1, . . . 35, (G.1)
with
tr
(
q†ΛAq q†ΛBq
)
=
1
2
δAB. (G.2)
The first identity in Table G.1 relates two-body operators to the zero-body operator 1, the
SU(6) singlet. This singlet operator is nothing else but the quadratic Casimir operator C2 of
the symmetry group:
q†ΛAq q†ΛAq =
1
2
{q†ΛAq, q†ΛAq} = C2 1. (G.3)
The identities in the second block in Table G.1 relate two-body operators to one-body operators.
These identities result from the cubic Casimir relations
dABC q
†ΛAq q†ΛBq q†ΛCq =
1
2
dABC q
†ΛAq {q†ΛBq, q†ΛCq} = C31. (G.4)
Based on this relation one derives1
dABC{q†ΛBq, q†ΛCq} = 2C3
C2
q†ΛAq, (G.5)
1The identity between (G.4) and (G.5) is shown by multiplying both sides in (G.5) by q†ΛAq, sum-
ming over A and using the relation for the quadratic Casimir operator.
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2 {J i, J i}+ 3 {T a, T a}+ 12 {Gia, Gia} = 5(Nc + 6)1 (0, 0)
dabc {Gia, Gib}+ 2
3
{J i, Gic}+ 1
4
dabc {T a, T b} = 2
3
(Nc + 3)T
c (0, 8)
{T a, Gia} = 2
3
(Nc + 3) J
i (1, 0)
1
3
{Jk, T c}+ dabc {T a, Gkb} − εijkfabc {Gia, Gjb} = 4
3
(Nc + 3)G
kc (1, 8)
−12 {Gia, Gia}+ 27 {T a, T a} − 32 {J i, J i} = 0 (0, 0)
dabc {Gia, Gib}+ 9
4
dabc {T a, T b} − 10
3
{J i, Gic} = 0 (0, 8)
4 {Gia, Gib} = {T a, T b} (27) (0, 27)
εijk {J i, Gjc} = fabc {T a, Gkb} (1, 8)
3 dabc {T a, Gkb} = {Jk, T c} − εijk fabc {Gia, Gjb} (1, 8)
εijk {Gia, Gjb} = facg dbch {T g, Gkh} (10 + 10) (1, 10 + 10)
3 {Gia, Gja} = {J i, J j} (J = 2) (2, 0)
3 dabc {Gia, Gjb} = {J i, Gjc} (J = 2) (2, 8)
Table G.1.: Operator identities for NF = 3. The second column gives the transformation
properties of the expressions under SU(2)spin ⊗ SU(3)flavour symmetry.
The constants C2 and C3 for the completely symmetric SU(6) baryon states were evaluated in
[22]. One obtains:
{q†ΛAq, q†ΛAq} = Nc(Nc + 2NF )
(
1− 1/2NF
)
1,
dABC{q†ΛBq, q†ΛCq} = 2(Nc +NF ) (1− 1/NF ) {q†ΛAq}. (G.6)
The product of two operators on the r.h.s of the second line in the above expression can be
decomposed into three different components (flavour index only, spin index only and spin-flavour
index) which transform according to different irreducible representations of SU(2)⊗SU(3). The
three lines in the second block in Table G.1 correspond to this decomposition.
Finally, the identities in the third block are based on the observation, that antisymmetric com-
binations in the products of two one-body operators vanish when acting on totally symmetric
baryonic states. The identities in the last block are obtained by projecting on antisymmetric
parts in all possible products and setting them equal to zero.
A quark operator transforms as a 6. Accordingly, the product of two quark operators decom-
poses to
6⊗ 6 = 21⊕ 15. (G.7)
Due to the bosonic algebra of the spin-flavour quark operators, only the symmetric component,
21, survives in this decomposition. Therefore, the components in a normal ordered symmetric
two-body operator are given by
21⊗ 21 = 1⊕ 35⊕ 405. (G.8)
On the other hand, the symmetric components in the product of two one-body operators, each
of them transforming as the SU(6)-adjoint representation, 35, are:
(35⊗ 35)S = 1⊕ 35⊕ 189⊕ 405. (G.9)
122
{J i, J j} (0, 0) (2, 0) (0, 0) (2, 0)
{J i, T a} (1, 8) (1, 8)
{J i, Gja} (0, 8) (1, 8) (2, 8) (0, 8) (1, 8) (2, 8)
{T a, T b} (0, 0) (0, 8S) (0, 27) (0, 27)
{T a, Gib} (1, 0) (1, 8S) (1, 8A) (1, 1¯0 + 10) (1, 27) (1, 1¯0 + 10) (1, 27)
{Gia, Gjb} (0,0) (0, 8S) (0, 27) (1, 8A) (1, 1¯0 + 10) (2,27)
(2, 0) (2, 8S) (2, 27)
Table G.2.: Symmetric products of two one-body quark operators and their decompo-
sition into the SU(2)spin ⊗ SU(3)flavour representations. The 3rd column
contains only the relevant components in these products.
It is the 189-dimensional representation in (G.9) that is missing in (G.8)2. Building of all
possible products of two one-body operators, projecting onto the 189-plet and setting it equal
to zero leads to the identities in the 3rd block in Table G.1.
In Table G.2 all possible symmetric products of two one-body operators are collected. Usually, a
product of two operators contains components that transform according to different irreducible
representation of SU(2)⊗ SU(3). In total there are 22 different components, which are shown
in the second column of that table. Twelve operator identities, listed in Table G.1, reduce the
number of independent products to ten. Promoting the components in the 3rd column to be
“relevant” allows to formulate the operator reduction rule, which was stated in Section 2.3.2.
The results of this section are summarised in Tables G.1 and G.2. The operator reduction rule
is another way to give the summary in a short form.
2The decomposition of the SU(6) irreducible representations into SU(2)× SU(3) representations is:
1 → (0, 0)
35 → (0, 8), (1, 0), (1, 8)
189 → (0, 0), (0, 8), (0, 27), (1, 8), (1, 8), (1, 1¯0 + 10), (2, 0), (2, 8),
405 → (0, 0), (0, 8), (0, 27), (1, 8), (1, 8), (1, 27), (1, 1¯0 + 10), (2, 0), (2, 8), (2, 27). (G.10)
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In the following, the decomposition of all symmetric products of two one-body operators into
their different spin-flavour multiplets is carried out with the help of the projectors given in
Appendix B. The redundancy of those parts, which are not mentioned in the 3rd column of the
Table G.2, is shown explicitly by applying the operator identities in Table G.1.
None of the parts in the products containing the J-operator is redundant3:
{J i, J j} = 1
3
δij {Jk, Jk}+
(
{J i, J j} − 1
3
δij {Jk, Jk}
)
,
{J i, T a},
ijk{J i, Gja},
{J i, Gja} = 1
3
δij {Jk, Gka}+ 1
2
ijkklm {J l, Gma}
+
1
2
({J i, Gja}+ {J j , Gia} − 2
3
δij {Jk, Gka}). (G.11)
Anticommutators with the T -operator are given by
{T a, T b} = 1
8
δab {T c, T c}+ 3
5
dabcdcgh{T g, T h}
+
(
{T a, T b} − 1
8
δab {T c, T c} − 3
5
dabcdcgh{T g, T h}
)
,
{T a, T a} = 1
6
(Nc + 6)1 + {Jk, Jk},
dabc {T a, T b} = −1
3
(Nc + 3)T
c + 2 {J i, Gic}. (G.12)
and
{T a, Gib} = 1
2
(
{T a, Gib}+ {T b, Gia}
)
+
1
2
(
{T a, Gib} − {T b, Gia}
)
,
{T a, Gib}+ {T b, Gia} = 1
4
δab {T c, Gic}+ 6
5
dabcdcgh{T g, Gih}
+
(
{T a, Gib}+ {T b, Gia} − 1
4
δab {T c, Gic} − 6
5
dabcdcgh{T g, Gih}
)
,
{T a, Gib} − {T b, Gia} = 2
3
fabcf cgh {T g, Gih}
+
(
{T a, Gib} − {T b, Gia} − 2
3
fabcf cgh {T g, Gih}
)
,
{T a, Gia} = 2
3
(Nc + 3) J
i,
dabc{T a, Gib} = 1
3
(Nc + 3)G
ic +
1
6
{J i, T c},
fabc{T a, Gib} = ijk {J j , Gkc}. (G.13)
3Contractions with δ or  in (G.11) are not in contradiction with the operator reduction rule since
these contractions are not applied to the G-operator.
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The last symmetric product {Gia, Gjb} contains three different spin-combination:
{Gia, Gjb} = 1
3
δij{Gka, Gkb}+ 1
2
(
{Gia, Gjb} − {Gja, Gib}
)
+
1
2
(
{Gia, Gjb}+ {Gja, Gib} − 2
3
δij {Gka, Gkb}
)
︸ ︷︷ ︸
≡{Gia,Gjb}(2)
, (G.14)
where {Gia, Gjb}(2) abreviates the spin-2 component. We discuss the flavour decomposition of
these three pieces separately. The spin-0 part:
{Gka, Gkb} = 1
8
δab{Gkc, Gkc}+ 3
5
dabcdcgh {Gkg, Gkh}
+
(
{Gka, Gkb} − 1
8
δab{Gkc, Gkc} − 3
5
dabcdcgh {Gkg, Gkh}
)
︸ ︷︷ ︸
≡{Gka,Gkb}(0,27)
,
{Gka, Gka} = 3
8
(Nc + 6)1− 5
12
{Jk, Jk},
dabc{Gka, Gkb} = 3
4
(Nc + 3)T
c − 7
6
{Jk, Gkc},
{Gka, Gkb}(0,27) = 1
4
(
{T a, T b} − 1
8
δab {T c, T c} − 3
5
dabcdcgh{T g, T h}
)
. (G.15)
The spin-1 part:
{Gia, Gjb} − {Gja, Gib} = 1
3
fabcf cgh
(
{Gig, Gjh} − {Gjg, Gih}
)
+
(
{Gia, Gjb} − {Gja, Gib} − 1
3
fabcf cgh
({Gig, Gjh} − {Gjg, Gih}))
=
1
2
ijkklm
(1
3
fabcf cgh{Glg, Gmh}+ {Gla, Gmb} − 1
3
fabcf cgh{Glg, Gmh}
)
, (G.16)
klm f cgh {Glg, Gmh} = −(Nc + 3)Gkc + 1
2
{Jk, T c},
2klm
(
{Gla, Gmb} − 1
3
fabcf cgh{Glg, Gmh}
)
= χk,ab− −
1
3
fabcf cgh χk,gh− , (G.17)
with
χk,ab− = (f
acgdbch − f bcgdach) {T g, Gkh}. (G.18)
The spin-2 part:
{Gia, Gjb}(2) = 1
8
δab {Gic, Gjc}(2) + 3
5
dabcdcgh{Gig, Gjh}(2)
+
(
{Gia, Gjb}(2) − 1
8
δab {Gic, Gjc}(2) − 3
5
dabcdcgh{Gig, Gjh}(2)
)
. (G.19)
{Gic, Gjc}(2) = 1
3
(
{J i, J j} − 1
3
δij {Jk, Jk}
)
,
dcgh{Gig, Gjh}(2) = 1
3
(
{J i, Gjc}+ {J j , Gic} − 2
3
δij {Jk, Gkc}
)
. (G.20)
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Given a product of two one-body operators, where each of them transforms as an SU(3) flavour
octet, different flavour multiplets in such a product, denoted by χab in the following, are obtained
by contracting the indices with δab, dabc and fabc of SU(3). As it was demonstrated above,
such contractions can be rewritten with the help of other operators and are redundant. This
redundancy is the first part of the operator reduction rule. Whether contractions of two open
flavour indices in the operator product with two different d- and/or f -symbols, like in
dacgdbchχgh, facgdbchχgh, facgf bchχgh, (G.21)
are redundant or not, is not obvious. In order to rewrite these contractions, following properties
of d- and f -symbols are required:
daab = 0, dabcdabd =
5
3
δcd, fabcfabd = 3δcd,
fabcfadedbdf =
3
2
dcef , dabcdadedbdf = −1
2
dcef ,
dabcdadef bdf =
5
6
f cef , fabcfadef bdf =
3
2
f cef . (G.22)
We study the contraction in (G.21) for the symmetric and antisymmetric parts of χab separately.
Using the decomposition in (B.20), contractions in (G.21) for the 1¯0 + 10 and 27-components
in χab given in [22] and the relations in (G.22), one obtains upon a short calculation:
dacgdbch χgh+ =
5
24
δab χ1 − 3
10
dabc χc8S +
1
3
χab27
=
1
6
δab χ1 − 1
2
dabc χc8S +
1
3
χab+ ,
dacgdbch χgh− =
5
18
fabc χc8A −
2
3
χab1¯0+10
=
1
2
fabcχc8A −
2
3
χab− ,
facgf bch χgh+ =
3
8
δab χ1 +
9
10
dabc χc8S − χab27
=
1
2
δab χ1 +
3
2
dabc χc8S − χab+ ,
facgf bch χgh− =
1
2
fabc χc8A ,
facgdbch χgh+ =
1
2
fabc χc8S ,
facgdbch χgh− =
5
6
dabc χc8A + χ
ab
i(10−1¯0). (G.23)
The above results can also be restated as
dacgdbch + dachdbcg =
1
3
(
δabδgh + δagδbh + δahδbg
)− dabcdcgh,
dacgdbch − dachdbcg = fabcf cgh − 2
3
(
δagδbh − δahδbg),
facgf bch + fachf bcg = δabδgh − δagδbh − δahδbg + 3dabcdcgh,
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facgf bch − fachf bcg = fabcf cgh,
facgdbch + fachdbcg = fabcdcgh. (G.24)
Equations in (G.24) are, of course, the well known identities of d and f symbols. The last
two, for example, being the Jacobi-identities. Relation of such type can be deduced from the
commutation properties of the generators in (B.3) only (see e.g. [66] and the references to the
older literature therein). Many of them are compiled in CORE [13]. It is interesting to note,
that they can be deduced from the study of the multiplet decomposition of an arbitrary tensor
χab and the different contractions with d and f symbols on it.
The relations in (G.24) have an important consequence concerning the relevance of the con-
tractions in (G.21) for the 1/Nc-expansion in terms of effective quark operators, as discussed
in Section 2.3.1 in detail. Symmetric and antisymmetric combinations in (G.24), where the
two open flavour indices a and b are distributed among two different d and/or f symbols, are
rewritten in terms of tensors where a and b are put on the same d or f symbols or on δ. Such
contractions can be eliminated in favour of other operators (first part of the operator reduction
rule). However, there is no further identity for the antisymmetric combination
facgdbch − fachdbcg. (G.25)
Contractions of arbitrary products of two one-body operators with two open flavour indices
with the above antisymmetric combination cannot be eliminated on the basis of other operators
and must to be retained in the course of specifying a complete set of effective quark operators.
This exception builds the second part of the operator reduction rule.
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Appendix H.
Spinors
In this chapter the matrix elements of
Γ ∈ 1, γ5, γµ, γ5γµ, σµν (H.1)
and their momentum dependence are studied for spin-1/2 and spin-3/2 spinors. In the Dirac-
representation of the γ-matrices, the elements of Γ read:
γ0 =
(
1 0
0 −1
)
, γi =
(
0 σi
−σi 0
)
, γ5 = γ
5 = iγ0γ1γ2γ3 =
(
0 1
1 0
)
, (H.2)
and
γ5γ
0 =
(
0 −1
1 0
)
, γ5γ
i =
(−σi 0
0 σi
)
,
σoj = i
(
0 σj
σj 0
)
, σij = εijk
(
σk 0
0 σk
)
, (H.3)
where 1 is a 2 × 2-identity matrix. To settle further the notation and the convention used in
this work, the construction of the spin-3/2 spinors is discussed first.
Spin-1/2 spinors are given by
u(p, s) = Np
(
1(2×2)
~σ·~p
Ep+M
)
χ(1/2)s , Np =
√
Ep +M
2M
, χ
(1/2)
1 =
(
1
0
)
, χ
(1/2)
2 =
(
0
1
)
, (H.4)
with
Ep = p
0 =
√
M2 + ~p2, and M2 = p2. (H.5)
Spin-3/2 spinors in the Rarita-Schwinger formalism are most economicaly obtained via the
coupling of spin-1 polarisation vectors and spin-1/2 spinors1:
uµ(p, s) =
∑
λ,s′
C
(
1λ
1
2
s′|3
2
s
)
εµλ(p)us′(p), s
′ = ±1
2
, λ = 0,±1. (H.8)
1Phase convention for the Clebsch-Gordan coefficients, that is very common in the physical literature,
is used here. The eigenvalues of the raising and lowering operators are real and positive
J±|j,m〉 =
√
j(j + 1)− (m(m± 1) |j,±m〉 (H.6)
and the coefficient for the “maximal coupling” of two states |j1,m1〉 and |j2,m2〉 to |j1 + j2,m1 + m2〉
ist 1:
|j1 + j2,m1 +m2〉 = |j1,m1〉 ⊗ |j2,m2〉. (H.7)
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To specify the spin-1 polarisation vectors εµ(p, λ), we pick out a frame where ~p is along the
z-axis, pµ = (0, 0, 0, |~p|). In this special frame the spacelike polarisation vectors take a simple
form:
εµ(p, 1) =

0
1
0
0
 , εµ(p, 2) =

0
0
1
0
 , εµ(p, 3) =

|~p|
M
0
0
p0
M
 . (H.9)
The basis in the Minkowski space is completed by the fourth timelike vector
εµ(p, 0) =
pµ
M
. (H.10)
The polarisation vectors are subject to the constraints
pµ ε
µ(p, 0) = M, pµ ε
µ(p, λ) = 0, λ = 1, 2, 3. (H.11)
Furthermore, the orthonormality and completeness relations are
ε∗µ(p, λ
′) εµ(p, λ) = −δλ′λ,
∑
λ
εµ(p, λ) εν(p, λ) = −gµν + pµpν/m2. (H.12)
In cartesian representation the eigenvectors of the third spin matrix for a vector field are given
by the spherical basis vectors εµλ with λ = ±1, 0 (see e.g. [76]):
εµ±(p) =
1√
2
(∓εµ(p, 1)− iεµ(p, 2)) , εµ0 (p) = εµ(p, 3). (H.13)
The explicit form of the vector-spinors is2:
uµ(p, 1) = εµ+(p)u(p, 1)
=
Np√
2
((
0
0
)
, −
(
χ1
~σ·~p
Ep+M
χ1
)
, −i
(
χ1
~σ·~p
Ep+M
χ1
)
,
(
0
0
))
,
uµ(p, 2) =
1√
3
εµ+(p)u(p, 2) +
√
2
3
εµ0 (p)u(p, 1)
=
Np√
6
(
2
|~p|
M
(
χ1
~σ·~p
Ep+M
χ1
)
, −
(
χ2
~σ·~p
Ep+M
χ2
)
, −i
(
χ2
~σ·~p
Ep+M
χ2
)
, 2
Ep
M
(
χ1
~σ·~p
Ep+M
χ1
))
,
uµ(p, 3) =
1√
3
εµ−(p)u(p, 1) +
√
2
3
εµ0 (p)u(p, 2)
=
Np√
6
(
2
|~p|
M
(
χ2
~σ·~p
Ep+M
χ2
)
,
(
χ1
~σ·~p
Ep+M
χ1
)
, −i
(
χ1
~σ·~p
Ep+M
χ1
)
, 2
Ep
M
(
χ2
~σ·~p
Ep+M
χ2
))
,
uµ(p, 4) = εµ−(p)u(p, 2)
=
Np√
2
((
0
0
)
,
(
χ2
~σ·~p
Ep+M
χ2
)
, −i
(
χ2
~σ·~p
Ep+M
χ2
)
,
(
0
0
))
. (H.14)
2To simplify the notation, in the next few lines χ1 and χ2 are used for χ
(1/2)
1 and χ
(1/2)
2 , respectively.
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Similar to (H.4), uµ(p, s) can be written as
uµ(p, s) = Np S˜
µ†(p)χ(3/2)s , s = 1, . . . 4, (H.15)
with
χ
(3/2)
1 =

1
0
0
0
 , χ(3/2)2 =

0
1
0
0
 , χ(3/2)3 =

0
0
1
0
 , χ(3/2)4 =

0
0
0
1
 , (H.16)
and
S˜0†(p) =
|~p|
M
0
0
√
2
3 χ1√
2
3
~σ·~p
Ep+M
χ1
√
2
3 χ2√
2
3
~σ·~p
Ep+M
χ2
0
0
 ,
S˜1†(p) =
 − 1√2 χ1
− 1√
2
~σ·~p
Ep+M
χ1
− 1√
6
χ2
− 1√
6
~σ·~p
Ep+M
χ2
1√
6
χ1
1√
6
~σ·~p
Ep+M
χ1
1√
2
χ2
1√
2
~σ·~p
Ep+M
χ2
 ,
S˜2†(p) =
 − i√2 χ1
− i√
2
~σ·~p
Ep+M
χ1
− i√
6
χ2
− i√
6
~σ·~p
Ep+M
χ2
i√
6
χ1
− i√
6
~σ·~p
Ep+M
χ1
i√
2
χ2
− i√
2
~σ·~p
Ep+M
χ2
 ,
S˜3†(p) =
Ep
M
0
0
√
2
3 χ1√
2
3
~σ·~p
Ep+M
χ1
√
2
3 χ2√
2
3
~σ·~p
Ep+M
χ2
0
0
 . (H.17)
In the static limit the matrices S˜ reduce to3,4
S˜µ† =
(
0, S˜i†
)
. (H.18)
The 4× 4 matrices S˜µ†(p) can be given in a more compact form:
S˜µ†(p) =
(
Sµ†(p)
~σ·~p
Ep+M
Sµ†(p)
)
, (H.19)
with
S0†(p) =
|~p|
M
0
0
√
2
3
0
0√
2
3
0
0
 , S1†(p) = (− 1√2
0
0
− 1√
6
1√
6
0
0
1√
2
)
,
S2†(p) =
(
− i√
2
0
0
− −i√
6
−i√
6
0
0
−i√
2
)
, S3†(p) =
Ep
M
0
0
√
2
3
0
0√
2
3
0
0
 . (H.20)
Using the matrices above, the spin-3/2 spinors can be given in a form similar to (H.4):
uµ(p, s) = Np
(
Sµ†(p)
~σ·~p
Ep+M
Sµ†(p)
)
χ(3/2)s . (H.21)
3In the following, by not writing out the explicit dependence of objects under consideration on the
momentum p, the static case with ~p = 0 is meant.
4The vanishing of the 0-th field component is common to all fields with spin s = 1.
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Important properties of S˜- and S- matrices are obtained by considering the projection operator
over the positive energy states:
Λµν+ (p) =
∑
s
uµ(p, s) u¯ν(p, s) = −/p+M
2M
(
gµν − 1
3
γµγν − 2
3
pµpν
M2
+
pµγν − pνγµ
3M
)
. (H.22)
In the static limit only the space components survive:
Λ00+ = Λ
0i
+ = Λ
i0
+ = 0, Λ
ij
+ =
1
2
(γ0 + 1)
(
δij +
1
3
γiγj
)
, i, j = 1, 2, 3. (H.23)
Rewriting this spin-sum with the help of (H.21) leads to
Λµν+ (p) = N
2
p
∑
s
S˜µ†(p)χs χ†sS˜
ν(p) = N2p S˜
µ†(p) S˜ν(p)
= N2p
(
Sµ†(p)Sν(p) Sµ†(p)Sν(p) ~σ·~pEp+M
~σ·~p
Ep+M
Sµ†(p)Sν(p) ~σ·~pEp+M S
µ†(p)Sν(p) ~σ·~pEp+M
)
. (H.24)
Comparing of (H.22) and (H.24) leads directly to
S˜µ†(p) S˜ν(p) = − /p+M
Ep +M
(
gµν − 1
3
γµγν − 2
3
pµpν
M2
+
pµγν − pνγµ
3M
)
,
S0†(p)S0(p) =
2
3
~p 2
m2
12×2, (H.25)
and for the non-vanishing space-components at ~p = 0 to
S˜i† S˜j =
1
2
(γ0 + 1)
(
δij +
1
3
γiγj
)
, Si† Sj = δij − 1
3
σiσj . (H.26)
Using the explicit form of spinors in (H.4) and in (H.21), the matrix elements of Γ can be
written down with the help of χ
(1/2)
s and χ
(3/2)
s :
u¯(p′, s′) Γu(p, s) = χ†(1/2)s′ Γ˜χ
(1/2)
s ,
u¯µ(p′, s′) Γuν(p, s) = χ†(3/2)s′
(
Sµ(p′) Γ˜Sν †(p)
)
χ(3/2)s ,
u¯µ(p′, s′) Γu(p, s) = χ†(3/2)s′
(
Sµ(p′) Γ˜
)
χ(1/2)s . (H.27)
The structures Γ˜ for the specific form of the elements of Γ in the Dirac-representation and their
non-relativistic expansions are collected in Table H.1. Products SiSj † and Siσj , which occur
during the evaluation of (H.27), can be decomposed further into invariant subspaces. This
decomposition and some other properties of S- and σ-matrices, that are frequently used in this
work, are compiled in Chapter F.
The normalisation of spinors follows directly from (H.27) with Γ = 1:
u¯(p, s′)u(p, s) = δs′s, u¯µ(p, s′)uµ(p, s) = −δs′s, (H.28)
where for the spin-3/2 spinors the relation
Sµ(p)S
µ †(p) = −14×4 (H.29)
was used5. This relation can be proven by using the explicit form of the matrices in (H.20).
5The normalisation of the spin-3/2 spinors can alternatively be checked with the help of the definition
in (H.8), the completeness relation in and the orthogonality properties of the Clebsh-Gordan-coefficients.
132
Γ Γ˜ Γ˜, n.r.e.
1 Np′Np
(
1− ~σ·~p ′
Ep′+M
~σ·~p
Ep+M
)
1
γ5 Np′Np
(
~σ·~p
Ep+M
− ~σ·~p ′
Ep′+M
)
1
2M
~σ · (~p− ~p ′)
γ0 Np′Np
(
1 + ~σ·~p
′
Ep′+M
~σ·~p
Ep+M
)
1
~γ Np′Np
(
~σ ~σ·~p
Ep+M
+ ~σ·~p
′
Ep′+M
~σ
)
1
2M
(
(~p+ ~p ′) + i(~p− ~p ′)× ~σ)
γ0γ5 Np′Np
(
~σ·~p ′
Ep′+M
+ ~σ·~p
Ep+M
)
1
2M
~σ · (~p+ ~p ′)
~γγ5 Np′Np
(
~σ + ~σ·~p
′
Ep′+M
~σ ~σ·~p
Ep+M
)
~σ
σ0j Np′Np i
(
σj ~σ·~p
Ep+M
− ~σ·~p ′
Ep′+M
σj
)
i
2M
(
(pj − p ′j) + ijkl(pk + p ′k)σl)
σij Np′Np ε
ijk
(
σk − ~σ·~p ′
E ′p+M
σk ~σ·~p
Ep+M
)
εijkσk
Table H.1.: Γ˜, as definied in (H.27) and the non-relativistic expansion (n.r.e.) of it for
M ′ = M up to the order O (Q2/M2) with |~p|, |~p ′| = O(Q).
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